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ROUGH LINEAR TRANSPORT EQUATION WITH AN IRREGULAR DRIFT 
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Abstract. We study the linear transport equation 

d d 

x) + b(t, x) ■ S7u(t, x) + Vu(f, x) ■ —X(t) = 0, tt(0, x) = uo(x) 

where b is a vectorfield of limited regularity and X a vector-valued Holder continuous driving 
term. Using the theory of controlled rough paths we give a meaning to the weak formulation 
of the PDE and solve that equation for smooth vectorfields b. In the case of the fractional 
Brownian motion a phenomenon of regularization by noise is displayed. 
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1. INTRODUCTION 

In this work we study the driven linear transport equation 

d d 

( 1 ) —u(t,x) + b(t,x)-Vu(t,x) + 'Vu(t,x)-—X(t) = 0 , u(0, x) = uq(x) 

where b : R d —>• R ci is a sufficiently smooth vectorheld and X : [0, T] —>• R f/ a vector-valued 
driving term (which we always take such that Xq = 0). We consider solutions u and initial 
conditions uq which are only bounded functions of space so that the transport equation has to 
be understood in the weak sense with respect to the spatial variable. 

When X = 0, Di Perna and Lions [11] showed that when b £ L 1 ([0,T]; Hj'^ 1 (R rf )) with linear 
growth condition and div6 £ L 1 ([0, T] x R c; ), a unique L°° weak solution exists. Furthermore a 
wide range of results follows this one, a partial survey can be found in [1]. 

Under weaker condition on regularity of the vectorheld b, the equation is known to be ill-posed. 
Despite of that, Flandoli, Gubinelli and Priola [12, 13] showed that when b £ C([0, T]; C^(R d )) 
and divfe £ L p ([0,T] x R ci ) for p ^ 2, adding a Brownian perturbation X allows to maintain 
uniqueness of L°° solutions which are strong in the probabilistic sense. In that case the driving 
term in eq. (1) has to be understood as a Stratonovitch integral against the Brownian motion 
X. Their result is based on the regularization effect of the Brownian perturbation on the how 
of the characteristic equation 

(2) $ t (x)=x + f b q ($ q (x))dq + X t , x£R o! ,t^0. 

Jo 

The key estimates on this regularization effect depends quite heavily on stochastic calculus 
techniques and so breaks down easily if we try to apply the same approach to more general 
perturbations X, for example a fractional Brownian motion of given Hurst parameter. Note 
that in a recent paper, Beck, Flandoli Gubinelli and Maurelli [3] proved directly regularization 
properties of the Brownian motion on the transport equation with more general vector helds 
without relying on the how of caracteristics, but they still have to rely on stochastic calculus 
tools, in particular the Ito formula for Brownian semi-martingales. 

While stochastic calculus is not available for the fractional Brownian motion (fBm), in a recent 
paper, Catellier and Gubinelli [5] proved that, at the level of the characteristic equation (2), the 
same phenomenon of regularization by noise appears for arbitrary Hurst parameter H £ (0,1) of 
the fractional Brownian motion X. In particular, the phenomenon of regularization gets stronger 
as H gets smaller. 

In the perspective of this last result it is then interesting to investigate the regularization by 
noise phenomenon at the level of the transport equation (1). In order to do so we need hrst to 
give an appropriate meaning to the transport equation with non-differentiable driver X. 

In a more general setting, Lions, Perthame and Souganidis [20] use the entropy solutions 
and the kinetic formulation of scalar conservation laws to overcome the difficulty given by the 
rough drivers. On that setting the authors use a one-dimensional irregular path only. For a 
multidimensional noise, Caruana, Friz and Oberhauser [4] use Lyons’ theory of rough paths [21] 
and the notion of viscosity solutions. These two approaches are based on a common idea. The 
irregular signal X is approximaded by a family (X e ) e> o of smooth functions, and a solution 
u £ of the approximate equation constructed. Then, using suitable a priori bounds, the authors 
show that the solutions converge to a function u which is then defined to be the solution of the 
equation. In these approaches the equation is replaced by a limiting procedure and no attempts 
are made to investigate the equation satisfied by the limiting object. 
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This way of proceeding is not very useful in the context of the regularization by noise phe¬ 
nomenon we would like to study. Indeed, as soon as X is replaced by a more regular signal X s 
the regularization phenomenon is lost and there is no hope that the approximate equations have 
unique solutions. So while the existence problem is easier, the uniqueness gets out of reach. In 
the limit where the regularization is removed one expects to regain uniqueness but then it is the 
meaning of the equation which is not clear. 

In order to have a well-defined setting in which to discuss the existence, uniqueness and 
regularization effect for transport equations we will follow the recent work of Gubinelli, Tindel 
and Toricella [18] where they use the theory of controlled rough paths introduced by Gubinelli 
in [16] to define controlled viscosity solutions of fully non-linear PDEs with driving signals given 
by a general (step-2) rough path, thus filling the conceptual gap left behind in the approach 
of Caruana, Friz and Oberhauser [4], Their approach shows the versatility of the controlled 
approach to deal with various problems in rough PDE theory. 

In order to do so we need a geometric rough path X and we will define a certain class of 
solutions which are controlled, in a weak sense, by the rough path X. Finally, we will show 
that this notion of solution is an extension of the classical notion of solutions, which enjoys 
uniqueness in a natural class of vectorfields b and that the regularization properties of X can be 
used to extend the class of vectorfields for which uniqueness holds, proving for the first time the 
regularization by noise result for this class of rough PDEs. 

Let us remark that Gubinelli and Jara [17] have already used the controlled path approach 
in a more probabilistic setting in order to prove regularization by noise results for the Kardar- 
Parisi-Zhang equation. In a recent paper Diehl, Friz and Stannat [10] come with quite similar 
techniques. Nevertheless they seems to be unable to apply it to regularization by noise. 

Denoting with Ut(<p) = (u{t , •), </?(•)) the pairing of u with a smooth test function <p (depending 
only on the space variable) we can reformulate the PDE as the infinite set of integral equations 


( 3 ) 


ih(<p) = u o Op) 


u s (dw(b s p)))ds + / t4 s (Vc/?) • dX. 

Jo 


for all t ^ 0 and test functions ip in a suitable class. The last integral in the r.h.s. will be 
understood as a rough integral for the controlled path s H > u s (X(p ) w.r.t. the rough path X. 

In the controlled path theory, the idea is to ask the integrand to “look like” the driving term, 
at least at a first order level. We will ask the pairing of the solutions against test functions to 
have this property, and this will lead to the following definition. 


Definition 1.1 (Definition 3.3 below). Let X £ C 7 ([0,T]) and b £ L°°([0,T];Lin(R d )) with 
divft £ L°°([0,T] X R d ). Here Lin denote the space of functions with linear growth, as in 
definition 2.6 below. A function u £ L°°([0,T] x R ci ) is a Weak controlled solution to equation 
(3) with initial condition uq £ L°°(R d ) and driving term X if for all tp £ C'^°(R d ) the pairing 
u((p) is controlled by X in the sense of Definition 2.12 and if furthermore Equation (3) is fulfilled, 
where the term f 0 u s (V(p) ■ dX,, is understood as the controlled rough integral of u(Vtp) against 
the rough path X. 


As it will be shown, this definition is an extension of the classical notion of weak solutions, in 
the case where X is smooth. Besides we will show that the same phenomenon of regularization 
by noise appears in the case of the fractional Brownian motion, and we will mostly retrieve the 
results of Flandoli, Gubinelli and Priola but for a larger class of noises. Moreover as our theory is 
completely deterministic we will be able to handle random vectorfield b. In fact, for the fractional 
Brownian motion define on (D,^, P), if we add to the last definition that the solutiond u he 
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in L°°(Q X [0, T]; Lin(R ci )), one have the following existence and uniqueness result. This is a 
melting pot of Theorems 3.8 and 4.9 and Corollary 4.3. 

Theorem 1.2. Let (fi, F, R) a probability space, H £ (1/3,1) and B H a d-dimensional fractional 
Brownian motion on that space. Let T5 n = (B H ,1B H ) a lift of the fractional Brownian motion 
into the geometric rough paths of order 7 £ (1/3, H) and uq £ L°°(D X R d ; IR). 

(1) (Theorem 3.8) When b £ L°°([0,T] x R d ) and di vb £ L°°([0,T] x H d ) there exists a 
stochastic weak controlled solution. 

(2) (Corollary f. 7) Let a + 3/2 > 0 and a > —1/2 H. When b,divb £ L°°(Q x R d ) such 
that almost surely k -A b(k)( 1 + |fc|) Q € L 1 and k -A div&(L)(l + \k\) a £ L 1 there exists 
a unique stochastic weak controlled solution with initial condition uq. 

(3) (Theorem f.9) When uq £ L°°(R d ) and b,divb £ C“ + '*‘(R <i ) with a > max(—1,—1/2 H) 
there exists a unique stochastic weak controlled solution with initial condition uq 

Note that the point (2) in the last theorem allows us to consider random vector fields and 
random initial conditions, which is a huge improvement of the results of [ 12 ]. 

This paper is structured as follows. Section 2 is devoted to preliminary results: we recall some 
notation for the involved function spaces and we give a short overview of the theory of controlled 
rough paths and then we recall some of the results of [5] for the regularization by non Brownian 
noise Section 3 is devoted to the definition of weak controlled solutions and to the proof of their 
existence in general case. Finally in Section 4, thanks to a duality method we prove uniqueness 
for equation (3). 

Acknowledgments. The author benefited from deep discussion on that subject with his PhD 
advisor Massimiliano Gubinelli. Nicolas Perkowski proofread this work. The author is supported 
by the Center Henri Lebesgue. Most of this work have been done under the support of a PhD 
thesis at University Paris Dauphine. 


2. Preliminaries 


2.1. Notations and functional spaces. In all the following, the notation D n f is for the n-th 
Differential of a function /. When / : R d -A R, V/ = (<9i/,..., <9^/) is the gradient, and 
V 2 / = (didjf)i^ij<^d is the Hessien of /. Furthermore when / : 1R d -A R d we denote by 
Jac / = det(D/) the Jacobien determinant of /. 

For a function u of [ 0 , T\, we define 5u s g = Ut — u s the increment of u. Whenever it make 
sense, we denote with u{ip) = (u(-), <p(-)) the pairing of u with a smooth test function 99 . 

Finally for a, b £ R we write a < b if there exists a constant C > 0 independent of a and b 
such that a ^ Cb. When a < b and b < a we write d Furthermore the notation cl <r b 

~~ r\j 

specifies that the constant C > 0 depends on c. 


Definition 2.1. Let {E,3e) a complete metric linear space and (F, ||||f) a Banach space. For 
n £ N and 0 < a ^ 1 we define the space of a-Holder-continuous functions from E to F by 


C n+a = C n+a (E,F) = 


f £ C n (E,F) : I/] n + a = sup 

x^y 


\D n f{x)-D n f(y)\\ F 

dE(x,y) a 


< +00 


The quantity is only a semi-norm for the space C n+a . For .To £ E the following quantity 

is a norm such that the space C a is complete 


\\f\Un+a-,F = ifjn+a + £ \\D k f (x 0 )\\ F . 

k =0 
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When xo = 0 we only write ||/|| n + a . To avoid confusion with the space of continuously differen¬ 
tiable functions, we will write C 1 (iH;i ? ) = Lip(£i;i ? ). Furthermore When it is not specified, F is 
always assumed to be the space R d and |.|p = |.| the usual Euclidean norm. 

Definition 2.2. For E and F as before and n < a ^ n T L f € C^(E,F) if / G C Q (R d ) and if 
for all k £ {0,... ,n} \\D k f\\ 00 := sup xeE \D k f{y)\ < +oo. On this space we consider the norm 

n 

ll/llcf = I/l« + £ iT/IU 

k=0 

When E is bounded, the norms on C a = C£ and the norms are equivalents, we identify it in that 
case. 


Remark 2.3. There is a way to extend the space C “ to nonpositive value of a. This is via the 
Besov spaces ^ as it can be found in [2] or [23]. When a < 0, the results of part 2.3 about 
the flow of the caracteristic equation are still true, see [5]. Nevertheless, the definition of the 
transport equation for such irregular vectorfields seems to be tricky in that case. The method 
of Chouk and Gubinelli [ 6 ] and [7] does not apply and another definition has to be found. We 
postpone the analysis of this situation to a further publication. 

Definition 2.4. Let v € (0,1], ( E,cLe ) a complete metric space and ( F , ||||f) a Banach space. 
We define the space of u-Holder-continuous functions from E 2 to F by 

C" 2 (E 2 ,F) = € C(E 2 ,F) : f(x,x) = 0and \\f\\ u = sup ^^ < +oo 

[ x^y dE{X,y) U 

Unlike the case of the space C a (E,F), ||.|| y is a norm on C%. Finally, we introduce some 
notations for the usual L p spaces with image in Banach spaces. 



Definition 2.5. Let p ^ 1 and F a Banach space and T > 0. We define 

r T \ !/P 


L p ([0,T]-,F) = <j&: [0,T] ^ F : \\b\\ p . F 
with the usual modification for p = +oo. 


'0 


\\b u \\ p F duj 


< Too 


In order to have existence of global weak solution for the transport equation in the classical 
case, the vectorfield must have at most linear growth in the space variable. In order to quantify 
that, let us define a space of function with linear growth. 


Definition 2.6. Let d ^ 1, the space of functions with linear growth is defined as follows 

/(•) 


Lin(F) = < b measurable from R cZ to R d 


| Lin — 


IT 


< Too 


Furthermore (Liu(i ? ), ||||Lin) is a Banach space. 


The approach for the transport equation developed here mostly relies on the method of char¬ 
acteristics (see Appendix B for more details). In particular, we aim to consider vector field with 
linear growth in space, and we will need some a priori bound of the flows for associated to such 
vector fields thanks to the following differential equation 

rt 


( 4 ) 


4>t(x) = x + / b(r, <L r (x))d?’ T X t 
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The method for the uniqueness developed in Section 4 strongly relies on comparison between 
flows associated to the dynamics driven by different X. The two following lemmas gives the a 
priori bounds needed, the proof of those lemmas, and some additional material in the case of 
ODE with linear growth vector fields can be found in Appendix A. 

Lemma 2.7. Let b £ L°°([0, T], Lin(IR <i )) such that the flow 4> of the equation (4) exists for all 
t £ [0, T\. There exists a constant K(T, || 6 ||oo;Lin) > 0 such that for all x € R d , <3?(x) £ C 7 ([0,T]) 
and 

\Mx)\\^K(l + \x\)(l + \\X\\^. 

Remark 2.8. The constant K can be chosen as K[T, || 6 ||oo;Lin) = A"T 5 (^||^||oo;Lin) with g(x) = 
((x 2 + x)e x + x + l)e x . 

Lemma 2.9. Let b £ L°°([0,T]; C/J^R^)) and X,Y £ C 7 . Then 

||4>*(x) - 4> y (x)|| 7>[0 , T] ^ C(T, \\Db\UWX - T|| 7i[0)T] 

where C is independent of x and nondecreasing in T and Furthermore, when b £ 

L°°([0, T]; C 2 (R d )), we also have 

\\D<5> x (x) - D<S> Y (x)\\ Lip ^ C(T, \\Db\loo, \\D 2 b lU^X - Y|| 7 . 

2.2. Controlled rough path theory in a nutshell. Rough path theory is a way to describe 
the effects of irregular signals on certain non-linear systems. It has been first developed by Lyons 
and his coauthors, see for example [21, 22] and the book by Friz and Victoir [15]. In order to use 
this theory to define integrals againts irregular signals we will use the notion of controlled paths 
developed by Gubinelli in [16]. An enjoyable exposition of this theory can also be found in [14], 
When the path is not of finite variation, there is not enough informations to define an integral 
against its (weak)-derivative. The theory of controlled rough paths overcomes this problem and 
gives a general setting for the theory of integration against irregular paths. 

2.2.1. Controlled integral against rough path. One of the first quantities we would like to define 
is the integral of the path against itself. The idea of rough path integration is to presuppose the 
existence of a first order iterated integral, and to construct a theory of integration related to that 
enhanced path (the path and its iterated integral). This idea leads us to the following definition 

Definition 2.10. Let 1/3 < 7 ^ 1/2. The pair X = (A, X 2 ) is a rough path of order 7 if 
X £ C 7 ([0,T],R d ), X £ C 2 7 ([ 0 ,T] 2 ; Al d (R)) and for 0 < s < u ^ t < T 

X s , t - X SjU - X M = (X u - X a ) ® (X t - X u ) = ((Xl - xiflxj - xi)) 0 ^, Kd . 
Furthermore, we define 11X11 7 ^.^ = ||X || 7 + 11X11 2 7 and for two 7 -rough paths X and Y we define 

||X-Y ||* 7 =dfc 7 (X,Y) = pf-Y|| 7 + ||X-Y|| 27 . 

The term X can be understood as the iterated integral of X against itself. Formally we have 

X S) t = f(X r — X s ) <g) dA r . 

In fact, in the last equality, the left hand side is a definition for the right hand side. On the other 
hand, when X is a smooth path, for example X £ C^QO,?"]), we can always define a natural lift 
X to A by 

X = (A, X) where X. M = / (X r - A/)A r dr. 
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In order to approximate irregular rough paths by smooth paths, we define the space of geometric 
rough paths as the closure of smooth rough paths for the rough path distance. This leads to the 
following definition 

Definition 2.11. Let 1/3 < 7 ^ 1/2, a 7 -rough path X is a geometric rough path, and we write 
X G TV 1 if there exists a sequence X £ G C 1 ([0, T\; R d ) such that 

||X — X 117^7 —0 

where X £ is the natural lift of X e as a 7 -rough path. 

In all the following we will consider only geometric rough paths. A general discussion about 
rough paths and geometric rough paths can be found in [19]. 

As in the stochastic calculus setting, where we can integrate progressively measurable processes 
only, one has to give a structure to the paths we can integrate. In fact, as the integral of X 
against dX is already defined by the definition of the rough path X, the idea is to consider 
functions which locally up to the first order look like X. Such functions are called controlled by 
X and they are defined in the following definition. 

Definition 2.12. Let 1/3 < 7 ^ 1/2 and X G C 7 ([0,T]). A function y G C 7 ([0,T]) is 7 - 
controlled by X, and we write y G £>y([ 0,T]) if 

yt-y s = y' s {x t - x s ) + y* t 

with y' G C 7 and y& G . Furthermore, we define the controlled norm of y by 

\\y\\vi = IMk + II2/II7 + Ily # ll27- 

When there is no ambiguity, we will omit the 7 and say that y is controlled by X. 

The space of controlled paths has a rich algebraic structure. In particular, it is stable by 
products. Indeed the following estimate holds. 

Lemma 2.13 (Gubinelli [16]). Let a,b G and a,b G T>y. Then ab G T)Jr and ab G T>y and 
\\ab - a6|| C 7 ^ ||a - «||^(||&||x>^ + Mv}) + \\b - &|| 7 (|M|x>£ + \\d\\ v ^) 

||(a 6 )' — (ab) 1 1| 7 < (IMItu + ll®llr>^ + WHvf + ll^llru ) 

x (||o — ^|| 7 T ||n — u || 7 T ||^ — T 11^ — ^ || 7 ) 

and 

||(o 6 ) # - (o 6 ) # || c |, ^ (I|!>IIdj + IHIcJ)(ll“ - “Ik + ll“ # - “ # IW 

+(ll»llcj + llolbf )(||6 - S || 7 + l|i> # - S # ll 7 ) 

Whenever a path is uniformly locally controlled by X, it is globally controlled by X as stated 
in the following lemma. 

Lemma 2.14. Suppose that a : [0, T] — > R ci is uniformly locally controlled by X, that is there 
exists a' and a# such that for all s,t G [0, T} 

. n 

0'S = X 8 ) ~\~ (^ s i 

and there exists e > 0 such that for all s,t G [0,T] with \s — t\ ^ e we have 

Mvl ■= SU P \ a t - a s \/\t - s| 7 + \a[ - a' s \/\t - s| 7 + \af t \/\t - s| 27 < +°° 
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Then a £ and we have 


MllxQ ~ (T/e) 7 [a]x>j £ (l + ||A || 7 ) + |ao| + Idol- 

Remark 2.15. This lemma also apply when a is only locally Holder continuous, we have 

Ml7 ~ ( t / £ ) su P |o t - a s |/|t - s| 7 . 

t^S,\t—s\^£ 

The definition of controlled paths and the definition of rough paths allow us to construct a 
controlled rough integral as the limit of the Riemann sum. This construction and the properties 
are a byproduct of the existence of the sewing map (Proposition 1 in [16]). 

Theorem 2.16 (Controlled Rough Integral, Gubinelli [16]). Let 1/3 < 7 ^ 1/2, X £ 7£ 7 ([0,T]) 
and let a £ V^([0, T]). For all 0 ^ s ^ t ^ T, the following limit of Riemann sums exists 

rt 

a r dX r := lim ^ ( a L 5X U,t i+1 + a u^-U,U+i) 

P partition of [s,i] . . 

\P\ -»■ 0 ViMeP 

and does not depends on the partition. Furthermore, 


s: 


f 

J s 


d r dX^ a s SX Sj t a s 3L s , t 

and the map from to T> x given by 


< |t - s| 3 11AT1172,-y ||a||^7 


l 


Q/ 7 - 


is linear and continuous and we have 

Oy d^^-p 


l 


V 1 


<(l+||X|| W7 )||X|b7. 


Let us also give the equivalent for a function [0,T ] 2 —>• F of the classical result which says that 
when a continuous function / from [0,T] to F is such that there exists e > 0 with | ft — f s \ < 
1 1 — s| 1+£ then / = 0 . 

Proposition 2.17 (Gubinelli [16]). Let /jl > 1. Let h £ Clf such that for all 0 ^ s < u < t ^ T 

h s ,t h Uj t h StU — 0 

then h = 0 . 


2.2.2. Fractional Brownian motion as rough path. Finally in order for this theory to be useful, 
we need to be able to lift to the space of rough path the class of signals X we will consider. The 
following theorem gives a whole set of stochastic processes with such a property. It can be found 
in [14] and [15]. Note that the first result for the lift of the fractional Brownian motion is due to 
Coutin and Qian [8]. Let us first remind the definition of a the fractional Brownian motion. 

Definition 2.18. Let P) a probability space, and H £ (0,1). The fractional Brownian 

motion of Hurst parameter H define is the only continuous centered Gaussian process (R/Ote[o,T] 
on [0,T], starting at 0 and with covariance 

E \ (\t\ 2H + \s\ 2H -| t- s\ 2H ) . 

A d-dimensional fractional Brownian motion of Hurst parameter Ft is a stochastic process 
B h = ( B h 0,..., B H,d ) where the B H ’ 1 are i.i.d. standard fractional Brownian motion of Hurst 
parameter H. 
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The fractional Brownian motion is an extension of the Brownian motion, in the sense that 
when H = 2 , the B H is a standard Brownian motion. Furthermore, the fractional Brownian 
motion have some nice properties, in particular it has stationary increment, it is self-similar of 
order H , and for all H > e > 0 it is almost surely H — e Holder continuous. Nevertheless, when 
H ^ 7 it is neither a semimartingale, nor a Markov process. Hopefully, one can use controlled 
rough path theory with the fractional Brownian motion. 

Theorem 2.19. Let H £ (1/3,1/2] and B H a d-dimensional fractional Brownian motion of 
Hurst parameter H. For any 1/3 < 7 < H, almost surely B H can be lifted as a 7 -rough path 
B H = (B h ,H H ). Furthermore for every +00 > p ^ 1, 

®[||B ||^. 7 ([ 0 ) T])] < +°° 

and there exists a smooth measurable approximation B H,e of B H such that B H,£ — B H almost 
surely and for all 1 ^ p < +00 

E[||B^-BX7 ([0 , t]) MO, 

where B H ’ e = (B H ’ £ , & H ’ e ) with bJ £ = J*(B?’ e - B?’ £ )B?’ E dr. 

When H = \ one can specify a bit this last theorem. Indeed, it that setting, B = B 1 / 2 is a 
Brownian motion, and both Ito and Stratonovitch calculus are available. In particular, one can 
show [14, 15] that for all 7 € (1/3,1/2), the pair B = (B ,B strato ) is almost surely a 7 -geometric 
rough path, where (B(/[ ato ) = (B S sJ ato,t ^)i<i,j<d and 

B“" = j (B’ r - B l s )o d B} 

where the last integral is the Stratonavitch integral. This Stratonovitch Brownian rough path 
is exaclty the rough path of the last theorem. Furthermore, in that setting, the definition of 
the controlled rough integral and the definition of the Stratonovitch integral coincide almost 
surely. This result can be found in the article of Gubinelli [16] about rough integrals, and the 
formulation here comes from Friz and Hairer [14]. 


Proposition 2.20. Assume that almost surely Y is 'y-controlled by B. Then the rough integral of 
Y against B = (B,B strato ) exists. Moreover ifY and Y' are adapted, the quadratic covariation 
of Y and B exists and, almost surely, 


[ YdB = f 
Jo Jo 


YodB. 


2.3. Irregular paths and regularizations properties of fractional Brownian motion. 

Classical solutions of the transport equation can be construct thank to the method of char¬ 
acteristics (see Appendix B ). The method strongly relies on the regularity of the flow of the 
characteristics ordinary differential equations associated to the transport equation. Namely when 
all the functions are regular enough, the unique solution of the Cauchy problem 

dfu(t, x) + (b(t, x ) + X t ) • Vu(t, x) = 0, u( 0, x) = uo(x) 

is u(t,x ) = n 0 (4> t " 1 (.'c)) where is the flow of the equation 

®t(x) = x + f b(r, 4> r (.x))dr + X t . 

Jo 

In a recent article, Catellier and Gubinelli [5] have shown that, among others processes, the 
fractional Brownian motion have good regularization property for the last ordinary differential 
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equation, and allows to have a regular flow for b with really poor regularity. We give here the 
few needed results, and refer to [5] for more details and proofs. 


Definition 2.21. Let X : [0, T] —y R 0 ' and p > 0. We say that the function X is p-irregular if 
there exists 7 > 1/2 such that 


H X 11 w£’ 7 := SU P SU P C 1 + If l) P l* ~ s 

s^*e[o,T]£eiR d 



< + 00 . 


This definition is not empty: almost every path of the fractional Brownian is p-irregular. 
Furthermore, nondegenerate cc-stable Levy processes also have this property. 

Theorem 2.22. Let B H be a d-dimensional fractional Brownian motion of Hurst parameter 
H £ (0,1), then for all p < 1/2 H there exists 7 > ^ such that almost surely B H is p-irregular. 
Furthermore there exists A > 0 such that 

E[exp(A||</> B "||^p, 7 )] < + 00 . 

The regularization properties of p -irregular paths will occur in Fourier-Lebesgue spaces. The 
oscillations of the function (b x are enough to regularize the differential system in that setting. 


Definition 2.23. The space of Fourier-Lebesgue function of order a > 0 is defined as 

TL a = | f£ 5 , (R d )[||/||^ L a := J dk\f(k)\(l + \k\) a < + 00 1 

and one of the main theorem of that article. 


Remark 2.24. Note that for a > 0, FL a C Cf the space of bounded Holder continuous functions 
of index a. 


When the vector-field b lies in a Fourier Lebesgue space and X is p-irregular, one has a 
regularization property for the perturbed differential equation. When b is regular enough, the 
flow has good spatial regularity properties and furthermore there are good ways of approaching 
this flow by a regularized one. 


Theorem 2.25. Let p > 0, let X a p-irregular path. Let a > —p and a + 3/2 > 0. Let 
b £ J-X a+3 / 2 . Then for all x £ R d there exists a unique solution <f>(x) to the equation 

$t(x)=x+[ b($ q (x))dq + X t . 

Jo 

Furthermore, 9t(x) = 4>t(x) — Xt is Lipschitz continuous in time. The function 6 is also locally 
Lipschitz in space, uniformly in time. Moreover, for any mollification b £ of b we write 4> e the 
flow of the approximate equation 

&t(x)=x+[ b £ (<Z> £ q (x))dq +X t 

Jo 


the following bound holds 


||<F £ (x) - $(s)||oo < K{\x\)\\b - 6 £ || J - La + 3/2 

where the constant K is increasing in \x\ and independent of s. The approximate flow <F £ is also 
differentiable in space and 


sup sup |D<f>f(x)| ^ K(\x\) < + 00 . 
e>0 ig[0,T] 
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Even though the flow of perturbed differential equation does not have the same regularization 
properties as p-irregular path, one can look at their averaging properties. This is the purpose of 
the following Lemma, and it will be really important in the following. 

Proposition 2.26. Let f £ C 1 (R d ) fl FL a+3 / 2 , b, b £ and <f> £ as in the previous theorem. For 
all t £ [0, T] let us define the function 

F t( x ) = f f(^q(x))dq. 

Jo 

Then Ff is differentiable in space and there exists a constant K(\x\) at most with linear growth 
in |x| and independent of e > 0 such that 

SUp \DFf(x)\ ^ K(\x\)\\f\\jr La +3/2. 
te[o,T] 

In the case of the fractional Brownian motion, the previous results are not optimal in term of 
the regularity of the vectorfields involved in the equation. Indeed, using a Girsanov transform, 
one can show that the fractional Brownian motion has regularization properties for ODEs when 
b lies in a bigger space of function/distribution. The price for that extension is the loss of the 
global character of the averaging property for the fractional Brownian motion, as the exceptional 
set here depends on the function. 

Theorem 2.27. Let H £ (0,1), P) a probability space and B H a d-dimensional fractional 

Brownian motion on (17, J 7 , P). Let a > —1/2 H and a + 1 >0. Let b £ Cf +1 . Then for all 
x £ R d , there exists Mb, x C F such that P(A4,x) = 0 such that for all u ^ A there exists a 
unique solution of the equation 

®t( uj,x)=x + [ b(<S> q (u,x))dq + B^(uj). 

Jo 

Furthermore for any mollification b £ of b and for <3? £ the flow of the approximate equation, for 
any x £ IR rf 

E[||<F(*)-<h(z)||^ [0)T] ] -> e _> 0 0 

and there exists a constant AT(|x|) at most with linear growth in \x\ such that 

supE[ sup \D&l(x)\ 2 ] ^ K(\x\) 2 < Too. 

£>o ie[o,T] 

The same kind of regularization properties for the flow occur in the context. 

Proposition 2.28. Let f £ C 1 (R d ) nC ^ +1 with a T 1 > 0 and a > —1/2 H, b, b £ and as in 
the previous Theorem. 

For all t £ [0, T] let us define the function 

F t(x) = [ f(<f> £ q {x))dq. 

Jo 

Then Ff is differentiable in space and there exists a constant A"(|x|) at most with linear growth 
in |a:| and independent of e > 0 such that 

E[( sup \DF t £ (x)\) 2 } ^ K(\x\) 2 \\f\\l«. 
te[o,T] 6 

and one of the main theorem of that article. 
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3. Rough transport equation, existence 

In order to deal with the multiplicative perturbation of the classical transport equation we 
need a new notion of solution. When X is a Brownian motion, one can use, as in Flandoli et al. 

[12] the Stratonovitch integral to deal with the multiplicative term. As here, we intend to work 
with processes such as fractional Brownian motion, which are neither a martingale nor a Markov 
processes, there is no way to use classical stochastic calculus. 

In order to replace the stochastic integral we will use controlled rough paths, as presented in 
[16] but also in [14]. The way we will require the solution to be weakly controlled by the process 
X is to be linked with the way Gubinelli et al. in [18] define controlled viscosity solution of non 
linear PDEs. In the following we will focus on rough paths X £ 1Z 1 with 1/3 < 7 ^ 1/2, since 
in that case the controlled rough integrals are quite easy to define. When 1 ^ 7 > 1/2, all the 
computations are easy as we can consider usual Young integrals. 

We can now focus ourselves on the rough transport equation (RTE). Namely for b £ L°°([0, T]; Lin(]R a! )) 
and X £ D 7 ([0, T]), we want to solve the following Cauchy problem 


( 5 ) 


d t u t (x ) + b t (x).\/u t ( x) + Vu t (x).dX t = 0 
u 0 € T 00 (III d ) 


To deal with the term Vut(x).dXt which is a priori ill-defined even in the weak sense, we need 
to introduce new notions of solution for equation (5). When b is smooth enough, it is even 
possible to have strong solutions, when the last term of equation (5) will be understood as a 
rough integral. Those strong solutions will be quite useful for proving the uniqueness of weak 
solutions thanks to a duality argument. This is why we define strong solutions for a more general 
equation, but with non-optimal hypothesis on the vector field b. It seems that b could have linear 
growth (see [ 10 ]). 

Definition 3.1. Let b, c £ L°°([0, T], L°°(R d )), ~ < 7 ^ 1 and X = (X, X) £ 7£ 7 ([0,T]) a 
7 -rough path. A strong controlled solution with initial condition uq of the rough continuity 
equation 

( 6 ) d t u t (x) + b t (x).Vu t (x ) + c t (x)u t (x) + Vu t (x).dX t = 0, u(0,x) = u 0 (x), 

is a function u £ C 7 ([0,T]; C' 1 (R ci )) D L°°([0, T] x R d ) such that 

(1) For all x £ R ci , the function t —> Vut(x) is controlled by X. 

(2) For all x £ R d and all s ^ t £ [0, T], the following equation is satisfied 

u t (x) - u s (x) + / b q {x)X7u q (x) + c q (x)u q (x)dq + / Vu q (x)dX q = 0 

J S J S 

where the last integral is the rough integral of Vu.(x) against dX. 

When ut £ C'/, and as X is a geometric rough path, we can replace condition ( 2 ) by the 
following one. 

• There exists a function R u (x ) : [0,T ] 2 — > R such that R u (x ) £ C 2 7 ([ 0 ,T]) and 


u t (x) - u s {x) + j (b q (x).Vu q (x) + c q (x)u q (x))dq + Vu s (x).X S ' t + -X 2 u s (x)XfJ + Rs !t (x) = 0. 

As in the classical case, in order to have existence of strong solutions, the vector field b has to 
be smooth. This is the meaning of the following theorem. 
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Theorem 3.2. Let b £ L°°([0, T]; C fe 2 (R d )), c £ L°°([0, T]; C fe 2 (R rf )), 1/3 < 7 ^ 1/2, X £ 1Z 


■2/njcG 


■+*t 


and ipo £ C^R''*). Lei $ Lie flow of the equation 

$t(x)=x+[ b q ($ q (x))dq 

Jo 

and <J> _1 its inverse. The function 

( t,x ) ->i/) t (x) = tp 0 (®t 1 (x))exp (^~ J Q ct-qi^ix^dq 

is a strong controlled solution to equation (6). Furthermore the function x —¥ ||V?/.(x)||p7 is 
compactly supported. 


When b is non-smooth, one has to give a weak sense for the solutions, and use the fact that, 
as a distribution, the function u is weakly controlled by the process X. 


Definition 3.3. Let u 0 £ L°°(R d ), 1/3 < 7 < 1/2, X = (X,X) £ TV, b £ Lj or ( [0, T]: L\ oc ( R' :/ )) 
with divft £ L/ oc ([0, T]; L°°(IR o! )) We say that u £ L°°([0,T] x R d ) is a weak controlled solution 
(WCS) of equation (5) with initial condition uq if for all tp £ C'/’°(R d ), 

(1) we have u{ip) £ L>^([0, T]); 

(2) for all t £ [0,T], 


uflp) = u 0 (p) + / u s (b s .Xip + div( 6 s )</?)ds + 

Jo 


u. 


;(V(^)dX s 


where the quantity fg u s (Vip) dX s is understood as the controlled rough integral of u(Vip) 
against dX. 


Remark 3.4. Since this definition is true for all <p £ C£°(R d ), when u is a weak Controlled 
solution to equation (5) and cp £ C'“(R <i ), for all a € { 1 ,... : d} d with |a| = 1 , we have 

u s {b s X7{d a fl) + div(6 s )(d c V))ds + J u s (X(d a (p))dX s 

and the derivative of u(V(p) as a controlled path is u(V 2 ip). Hence as X is geometric, an 
alternative formulation for Definition 3.3 can be: 

( 1 ) For all <p £ C c °°(R d ), u.(Vp) £ £>£([ 0 ,T]), with u.{ip)' = u(V<p). 

(2) There exists a remainder Rf : [0, T ] 2 — > R such that < \t — s | 37 and for all 

0 ^ s ^ t ^ T the following equation is verified 

rt 1 

5u S: t{ip ) = / u q (b q X7(p + div(b q )(p)dq + u s (Xip)X Sjt + -u s (X 2 p)Xff + R s ,t(tp)- 

J S 

Thanks to the definition of the rough integral (see Theorem 2.16 above) these two formulations 
are equivalent. Hence, in the following we will either use one or the other. 

However from this second formulation it is clear that the solution u depends only on the first 
level X of the rough path X due to the fact that only the symmetric part of the area X Sf t is 
needed to compute the rough integral on the r.h.s. if u(S7<p)' = u(\7 2 ip) and that this symmetic 
part is canonical for geometric rough paths and given by Xf 2 / 2. It seems that this remark could 
be extended for general path X with arbitrary regularity. Nevertheless, we restrict ourselves to 
7 €(1/3,1/2], 

Whereas this notion of solution is quite different from the classical one, when X is smooth, 
the rough integral fg u s (V<p) dX s is equal to the classical integral fg u s (Vp)X s ds. In that case, 
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we have to show that the two notions of weak solutions coincide. In fact, we have the following 
theorem. 

Theorem 3.5. Let b £ L°°([0, T]; C/(R d )) with divd € L°°([0, T]; C/ 1 (R o! )), u 0 G L°°(R d ) and 
X € C' 1 ([0,T]). Let 1/3 < 7 ^ 1/2 and X 6e f/ie natural lift of X into the space TV. Then there 
exists a unique weak controlled solution u to equation (5) with initial condition uq. For almost 
every t £ [0, T\ and almost every x £ we have 

ut(x) = n 0 (^ 4 _ 1 (x)) 

where 4? is the flow of equation (4). 

Here, as X is smooth, equation (5) can be understood in the weak sense as the classical 
transport equation 

/ 7 n f d t u t (x) + b t (x)X7u t {x) + Vu t (x).X t = 0 

U \ u 0 £ L°°(R' i ) 

Thanks to the hypothesis, and thanks to the usual method of characteristics, the function 
(t,x) —> no( < hJT 1 (x)) is the unique weak solution of equation (7). In order to prove that classical 
solutions are also controlled solutions, we will use some Taylor expansion of the flow 4>, and that 
will be the aim of Subsection 3.2. 

When the flow 4> of equation (4) does not exists, we will still have controlled solutions for 
equation (5). This is the purpose of the following result. 

Theorem 3.6. Let | < 7 ^ 1/2, b £ L°°([0, T\; Lin(R d )) with divfo £ L°°([0, T]; L°°(R d )) and 
let X G TV([0 , T]). Then there exists a weak controlled solution u £ L°°([0, T] x R d ) to equation 
(5). 

Finally, we aim to use those notions of solutions when the driving term X and the solution 
u are stochastic processes. As in the classical setting, the proof of Theorem 3.6 relies on com¬ 
pactness arguments and extraction arguments. These arguments do not guaranty that the limit 
is measurable in oj. The following definition is a refinement of Definition 3.3 in the case we are 
working with a rough path lift of a stochastic porcess. The subsequent theorem proves that such 
solutions exists in that case. 


Definition 3.7. Let 1/3 < 7 ^ 1/2, (12, J 7 , P) a probability space and X a continuous stochastic 
process on (12, J 7 , P) such that almost surely X lifts to a Rough Path X G TV([0,T]) in a 
measurable way. Let b £ L°°(Ll x [0, T]\ Lin(R rf )), di \b £ 00 ([0, T] x R d ) and uo £ L°°(fl x R d ). 

In that setting, a (Stochastic) weak controlled solution of the Rough transport equation with 
initial condition u 0 is a function u £ L°°(fll X [0, T] x R d ) such that almost surely, u(ip) £ 
Tfflifi), T]) for all tp £ C'^ > 0 (R <i ) and almost surely, for almost all t £ [0, T], 


utfip) = u 0 (ip) + / u q (div(b q ip))dq + 

Jo Jo 


U q (yy) dXg, 


where that last integral is understood as the controlled rough integral of u{f\7ip) against dX. 


Theorem 3.8. Let b, uq and X as in the last definition. We also assume that for a smooth 
measurable approximation X £ of X and all 1/3 < 7 ^ 1/2 and all +00 > p ^ 1, E[||X — 

x 

Then there exists a Stochastic weak controlled solution for the Rough transport equation with 
initial condition uq. 
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This notion of measurable solutions has to be compared with the usual notions of solutions for 
stochastic transport equation, when X is a Brownian motion and the integral is understood in the 
Stratonovitch sense. Let us remind that in [12], the authors already show some regularizations 
effects for the stochastic transport equation driven by a (Stratonovitch) multiplicative Brownian 
motion. Let us remind the definition for stochastic solutions of the tranport equation in that 
article. 


Definition 3.9 (Definition 12 in [12]). Let (D, J 7 , IP) a probability space and B a d-dimensional 
standard Brownian motion define on that space. Let b £ L ; 1 oc ([0, T] xR^; R ci ), div b £ Lj oc ([ 0, T] X 
R d ) and uq £ L°°( R^). A weal L°°-solutions of the transport equation 

dtu(t, x)dt + b(t, r).Vu(t, x)dt + Vu(t, x ) o d B t = 0; u( 0, x) = u(( 0, x) 

is a stochastic process u £ L°°(D x [0,T] x R d ) such that for every function test 9 £ CR^R^R), 
the process t —» Ut(9) '■ = f- Rd u(t,x)9(x) dx has a continuous modification which is an T- 
semimartingale and for almost every (w,t) £ D x [0,T], 

u r (b(r, .).V9 + div6(r, .)0)dr + f u r (V9)odB r . 

Jo 

One can wonder, if those two notions of solutions are the same, in the case of the Stratonovitch 
Brownian rough path. Proposition 2.20, together with Definition 3.7 and Theorem 3.8 allows us 
to say that whenever a weak controlled solution exists, in the setting of Brownian motion, then 
it is also a L°° solution in the sense of Definition 3.9. One have to wonder if the contrary is true. 

Proposition 3.10. Let uq and b as in Theorem 3.8. Let u a L°° solution in the sense of 
Definition 3.9. There exists a modification such that u is also a weak controlled solution. 

Remark 3.11. The meaning of such a proposition, is that when one work in the setting of this 
work, which is slightly less general than the one of [12] in the case of the Brownian motion, one 
have the same notions of solutions, and though the same results. 


u t {9) = uq{9) + [ 
Jo 


Proof. Thanks to proposition 2.20 it is enough to prove that if u is an L°° solution, it is weakly 
controlled by B. Let 9 £ C' ( ?°(R d ). Then, using the fto formulation of the equation, we have 

ut{9) — u s {9) = f n r (div b(r, .)9 + b(r, .)S79)dr + f u r ('\79) o <\B r 

J S J S 

= j u r (div b(r, .)9 + b(r, .)S79)dr + f u r (A9)dr + f u r (S79)dB r 

J s J s J s 


Thanks to the hypothesis on b (linear growth) and as u is bounded and 9 has compact support, 
for all p > 1 , we have 


E 


| ut(9) - u s 


2 V 


< 


\t — s\ 2p + E ( / \u r (X70)\ z dr ) < I t-s 


Thanks to the Kolmogorov criterium, there exists a modification such that for all 9 £ C“, 
t —>• Ut(9) is almost surely q-Holder continuous. As it is true for all 9 this is also true for V(9. 
Furthermore, 


E 



u s (V)dB 1 


2 p 


<E / \u r (V9) — u s (V9)\ dr 


<|i_ s |P(27+i). 
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Again thanks to a Kolmogorov criterium, there exists a modification such that for all 9, t —> 
(Jo ' u r(V) — u s (V)dB r 'j is 27 -Holder continuous, which ends the proof. □ 

3.1. Strong controlled solutions. In order to prove the existence of strong controlled solution 
(SCS) for the rough continuity equation (RCE) we will proceed as for the weak solutions. Namely 
we will approximate X and show that classical solutions (see Appendix B) are controlled solutions 
for the approximate equation, and then remove the approximation. Nevertheless, in order to have 
an explicit form, we cannot use a compactness argument anymore, and we will have to control all 
the objects in order to make them converge. As we focus on regular 6 only, standard argument 
will be used. The proof relies on a Taylor expansion of the potential solution given by the method 
of characteristics (Lemmas 3.12, 3.13 and 3.14). As we intend to have a explicit representation 
of the strong controlled solutions, we can not use a compactness argument, but must show that 
a solution of the approximate equation (when W e is smooth) converges to a solution of the 
equation. For that, it is necessary to control the Taylor expansion of flow for different driving 
terms. It is the purpose of Lemmas 3.15 and 3.16. 

The three following lemmas are quite similar to Lemma 3.17, Corollary 3.20 and Lemma 3.21, 
but since we are working with bounded function b while proving results for the strong solutions, 
we can get ride of the locality. As the proof are quite similar to the proof of the aforementioned 
results, we do not develop them here. 

Lemma 3.12. Let b £ L°°([0, T]; L°°(JR d )) and X € C 7 (R rf ) such that the flow <f> of the equation 

$ t (x)=x+ [ b q ($g(x))dq + X t . 

Jo 

Let ip £ C c (]R d ) a continuous function with compact support. Then for all s,t £ [0, T] and all 

r £ [0,1] 

x -A ip(r($>t(x) — < h s (x)) + 4 , s(x)) has compact support. 

Furthermore if supp + C B(0,R<p),then supp+(r(<3+(.) — <& s (.)) + $3(0) + B(0,R) where R. = 

^ + 2^(1161100 +pry. 

Lemma 3.13. Let b and X as in Lemma 3.12. Let tp € C] (IR."\ IR m ) a continuous differentiable 
function with compact support. Then t -+ <p{f&t{x)) £ C 7 ([0,T]), and furthermore 

ll<P($.(®))ll 7 ~T (H&lloo + ||X|| 7 )||D^|| oo l B/( 0 ii? )(.T) 

where R = R v + 2(Tj|6 || 00 + T 7 ||Xj| 7 ) and R v is such that supp p C Bf( 0, R v ). 

Those two previous lemmas guarantee that the function t —> <^(3>t(x)) is controlled by X and 
furthermore give a estimate on the controlled norm. Indeed, the following lemma holds. 

Lemma 3.14. Let b and X as in Lemma 3.12. Let cp £ (R^, R m ) ; then t ip(&t(x)) G 

Tyne*), and furthermore 

+(<!>.(x)/ = Dip(ftfx)) 
and for R as in the previous lemma, we have 

||+( < f > .(2 '))I!x>^([o,t]) ^ C(1 + ||A'|| 7 )1 B ( 0)R ) (x). 

In order to prove that there exist strong controlled solutions to equation ( 6 ), we will approxi¬ 
mate the rough path X. Hence, we need some regularity for the controlled norm of the potential 
solutions of the equations. The following lemma gives us the regularity w.r.t. the rough path 
norm of X and Y of the controlled test functions. 
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Lemma 3.15. Let b € -L°°([0, T]; (R rf )) ; X,Y € C 7 and the associated flows. Let 

<p £ CKlR^). Then 

M$ x 0*0)' - ¥>(<i> y (®))'|| 7 < C\\x - y|| 7 (i + ||y|| 7 )(i + ||x|| 7 )i B/(0iB) (x) 

and 

\W^ X {x))# - ^»)#|| 27 < C\\X - Y|| 7 (l + ||Y|| 7 )(1 + ||X|| 7 )1 B/(0 iB) (x), 

where the two constants C = Cr(||&||oo, ||L>h||oo, Halloo, Halloo, \\D 2 ( p\\oo, ||-D‘Vlloo) and R = 
#t(||&||oo, ||^|| 7 , ||Y|| 7 ) are nondecreasing in all the parameters. 

Proof. We already know that the two functions <p($ x (x)) and (x)) are controlled by X 

and by Y respectively and that 

(p($ x (x))' = Dip{^ x {x)) 

and 


<p(<S> x (x))# = I d rDip(r6($* t )(x) + $f(x)). I b q ($£(x))dq 


\# _ 


x ■ 


\X / 


1 /•! 


+ 



drdqD 2 ip{rq6(<f> x t )(x) + $f(x)).6($* t )(x).X att 


x ■ 


0 JO 


and the same holds for (x)) when we replace X by Y. Hence 


8(D<p(§' (x)) - Dtp(<S> (x))) 3it 

= [ d rD 2 ip(r6(<f> x t )(x) + <$>f(x)).5($ x t )(x) 

Jo 

~ [ d rD 2 <p(r5(<$>l t )(x) + <f>* (x)).5($* t )(x) 

Jo 

= [ d rD 2 ip(r8(®f t )(x) + $f(x)).5(<S> x - <fr Y ) s j(x) 

Jo 

+ f (D 2 (p(r6($? t )(x) + $s(x)) -D 2 tp(r6($]' t )(x) + $ Y (x))).5(<J>][ t )(x) 

Jo 

= f drD 2 ip(rS($f t )(x) + $f(x)).5(<S> x -<fr Y ) s j(x) 

Jo 

1 r 1 

drdqD 3 ip(q(r5(<S> X - ) s>t + 3>f (x) - <f>^ (x)) + rd$] t (x) + (x)) 

.(rd^ X - <k r ),, t + (x) - <(x)).5« t )(x) 


+ 


0 Jo 


= Ai + A 2 

Following the proof of Lemma 3.12 and with the estimations of Lemma 2.9, there exists R > 0 
nondecreasing in all the parameters such that 

|Hi| < C(T, pVHoo, II^VlIoo, \\Db\\oo, ||b||oo)||^ - Y\U^B f (o,R)( x )\t - s\, 

where C is nondecreasing with respect to the parameters. The same kind of bound holds for H 2 
and we have 

\M < C\t - S | 27 ||X - Y|| 7 i B/( 0 ,B)(x)||x - y|| 7 (i + ||y|| 7 ). 
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Let us turn now to the remainder. We decompose it into five terms: 

- <p{* Y {x))# t = B 1 + B 2 + B 3 + B 4 + B 5 , 


where 


B, = 


d rDq>(r8($ x t )(x) + <!>f(x)). [ b q (§*(x))-b q ($%(x))dq, 
) Js 


B 2 = [ dr Dip(rd(<Z> x t )(x) + $?(x)) - D<p(r6($] t )(x) + $]f(®))- [ (®)) d ?> 

JO Js 


B 3 = [ [ drdqD 2 <p(rq8($ X t )(x ) + &?(x)).8($? t )(x).(X - Y) StU 

Jo Jo 

B 4 = f f drdqD 2 ip(rq5(<& x t )(x) + $>f (x)).<5(<fi- Y - <f> y ) a ,t{x).Y s , t , 

Jo Jo 

B 5 = f [ drdqD 2 (p(rq8(<£> x t )(x)+ <S> x {x)) - D 2 <p(rq5(<$> x t )(x)+ <£> X (x)).5(<f> x t ){x).Y S!t . 

Jo Jo 

The analysis of those five terms being exactly the same as the analysis of the terms A\ and A 2 , 
the result follows easily. □ 

Lemma 3.16. Let b £ C ( J(R‘ i ) ) X, Y £ C 7 ([0,T]) and, <J> A and the associated flows. Let 
c £ C'^R'"*) and 


Kt X (x) = exp c q ($ x {x))dq^J ,Kj{x) = exp ( f c q (<f>' q (®))d q ) . 


Then 


K x (x) - K Y (x)||Li P < C(T, \\Db ||oo, ||c||, ||Vc|| 00 )||X - Y\ 


-y 


7' 


Furthermore, if b £ C'^R 0 ') and c £ C 2 ( R d ), we have 

|| VK x {x) - VlL y (»|| Lip < C(T, Halloo, ||H 2 6 ||oo, I|c||, IIVcIIoo, ||R 2 c||oo)||X - y|| 7 . 

Finally the two constants are nondecreasing with respect to all the parameters. 

Proof. As K x (x) = Bf(y) = 1 , we only have to control the increments of the difference. Let 
x £ R d , s,t £ [0, T\. Thanks to Lemma 2.9, we have 


\S(K X -K r ) a , t (x)\ < | Kf(x)-Kf(x 


'Y 


X i 




exp 


C q(®q (®))dg^ - 1 


+ 


exp 


Cqi^fixfldq^j - exp ^ C q (d>] (xfldq'j 


K X (x) 


^ e 


TILII 


Cq($-q (x))dq - / c q {fl> X {x))dq 


+e 


TILIIo 


c q {^q{x))dq- / c q {& q {x))dq 


\t — s 11 | c|| 
T||c||oo 


< 

r^j 


CiWDbWoo, ||c||oo, IIVcIIoo, T)\t - s\\\X - Y\\y. 


VK X {x)= I Vc q (*Z(x)).D*Z(x)dqK?(x), 


\X 


X I 


-x, 


Furthermore, as 
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we only have to prove the bound for L x (x) = Vc q (<& x (x)).D<& x (x)dq. We have, again thanks 

to Lemma 2.9, 

rt 


\5(L X - L y ) s , t (x)\ ^ 


+ 


Vc 9 (^ (x) - D$l (x))d q 

j\vc q ^f(x)) - Vc q ($ y (x))).D$]\x)dq 


< 1 1 - siiivciuiix - y|| 7 +1 1 - sip^ilooilx - y|| 7 , 
where the constant depends on T, H-D&Hoo, ||Z? 2 6|| 00 , ||c||oo and HVcHoo, which proves the result. 

□ 


We have gathered all the tools to prove the existence of strong controlled solutions if the initial 
condition and the the two functions b and c are regular enough. 


Proof of Theorem. 3.2. Let us take a smooth approximation = (X ?? ,X ,? ) of X such that 
X r/ —> X. By the method of characteristics (see Appendix B) we already know that 

(t,x)*^ifl(x) = ^o((^ r? )t“ 1 (a:))exp c t _ g (($ ,? )" 1 (^)) d ^ 

satisfies the following equation 

c q (x)ip q (x)dq + J \ / 'if^(x).X^jdq = 0. 

Let us define x ) = < / 2o(( < f ,r? )t~ 1 ( x )) and Kf(x) = exp ct- g ((<& 7, ) q 1 (x))dq'j. Then 

V< 0*0 = Vtf(x)K?(x) + VK?(x)tf(z) 

= vvo(mT 1 (x)).D(^ i (x)K^(x)~r t (x) f\c^im;Hx)).m?(xto, 

Jo 

and since satisfies equation 


( 8 ) 


^t(x) - ^s(x) + f b q {x).Vi/%{x)dq+ f 

J S J S 


mi\x) = x - f b t . q (m-\x))dq - X t , 

Jo 

the function t i—>• V</9o((4 ,?7 )( _1 ( x )) is controlled by X v , thanks to Lemma 3.14. Furthermore, 

t^Dm-\x)eU P ([o,T]) 

and this function is controlled by X v , with (Z}(<F' ? )L 1 (x)) / = 0. As c € C^(x), t -A- Kf{x) 6 
Lip(R d )nL°°(R fZ ) and t ^ f* Xc t - q {{^) q 1 {x)).D{^)- 1 {x)dq € Lip(R d ) n L°°(R d ). The same 
arguments hold for X, and t H y ift{x). Hence, V’! ? ( x ) and ^.( x ) are controlled respectively by X v 
and X. Furthermore, thanks to Lemmas 3.15 and 2.9: 


l|V^(x) - V</?.( x )ll 7 

< wvMmrH*)) - v^ 0 (^: 1 ( x ))ii7(ii^(^)r 1 ( x )ii7 + 

+(iiv^ 0 ((^): 1 ( x ))ii c , + wvM^mic^WDm^ix) - d^\ x ) h 7 

< (1 + ||A'|| 7 + ||X1) 2 ||X - X^l mRV) (x), 

Where R v is nondecreasing w.r.t. ||X|| 7 and ||JX 77 1| 7 . As (D(^‘ n )f 1 (x)y = 0 and (D^f 1 (x))' = 0, 
we also have, thanks to Lemma 2.13 

Iiv^(x)'-v^.( x )'ll7 ;$ 1 b / (0^)WII^-^ 7 II(i + II^II 7 + II^II 7 ) 2 
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and 

||^(x)# - v.{x)*h £ - ^||(1 + ||X|| 7 + ||X1 7 ) 2 , 

where the radius RP is nondecreasing with respect to ||X|| and ||X ?, ||. Furthermore, since 
K rj (x),K(x) € Lip([0,T]) and VK v (x),'VK(x) £ Lip([0, T]), and thanks to Lemmas 3.16 
and 2.13, and since HX^L < ||X|| 7 , there exists R > 0 depending on ||X|| 7 , U-D&Hoo and T 
and a constant C depending on b, c,<po,T and ||X|| 7 such that 

W(x) -^.(x)|| 7 + W{x)' -i/jXxY\\ 1 + W{x)* -^Xx)*\\ 2l < C\\X - X ri \\^t Bf ^ R) (x). 

Furthermore, X —X v . hence, by the definition of the rough integral and the comparison 
between controlled path (see Theorem 2.16 and Lemma 2.13), for all s,t € [0,T], 

f V^(x).X*dq VM*)-Xs,t + ^V 2 ^(x).X® 2 + R%(x) 

and 

\Rtt( x )\ ;$ I* “ s | 37 1r / (0,R )( x )- 

It remains to show that the other terms of Equation (8) converge to the right quantities. But, 
thanks to Lemma 2.9, we know that (<F r, )) _1 (x) —> <I>^ 1 (x) and D(& v )^ 1 (x) —> D&^^x), hence, 
as ipo, V</? 0 ) c and Vc are continuous, 

ij>t(x) —> and S7i/>t(x) —> Viptix). 

Furthermore 

\bq(x)X 7 i/%(x) +c q (x)^(x)\ < (1 + 11^11)1^(0, r)(x), 

hence 

/ b q (x).V^(x) + c q (x)ip^(x)dq -5- / b q {x)X7ijj t {x) + c q (x)i/j q (x)dq 
J S J S 

and 

< |i-s|l B/( 0 ,fl)(®)- 

Finally all the quantities converge and we have 

ipt(x) - i>s(x) + J b q (x)X7ip q {x) + c q (x) , ip q (x)dq + V'tp s (x).X Sjt + -V^ 8 (a;).X® t 2 + Rf t (x) = 0 
with 

M X ) = M®i\x))exp J 0 , 

which ends the proof. □ 



If c = 0 in the last theorem, we have the existence of a strong controlled solution for the rough 
transport equation. When c = div b, it is a solution for the rough continuity equation. This result 
gives us the good dynamic to solve the rough transport equation by a duality argument. Indeed, 
as stated before, we will be able to test weak controlled solution against good test functions, i.e. 
the solution of the Rough Continuity Equation with an approximate vector. 
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3.2. Taylor expansion of potential solutions. . As explain before, the whole method of the 
existence results relies on a Taylor expansion of the candidate for the solution, as 

soon as the flow exists. As we consider weak solution, we need some integrability conditions on 
the Taylor expansion of the potential solution. Here, since we will rely on a compactness result, 
we will not need comparison lemmas. 

Lemma 3.17. Let b £ L°°([0, T], Lin(R d )) and X £ C 7 (R d ) such that the flow <h and its inverse 
<h -1 exist. There exists e(T, ||i>||oo;Lin> ||7T|| 7 ) > 0, such that for all 0 ^ s < t ^ T with \t — s| < e, 
all r £ [0,1], all test functions £ C'“(R d , R m ) and all N € N, there exists a constant C jv,^ > 0 
such that 

i/)(r$ t (x) + (1 - r)<f> s (x))(l + \x\) N < C N $. 


Proof. We only give the proof of the first point, as the proof of the second point is an straight¬ 
forward adaptation of the one for the first point. Let e > 0 to be specified later and s,t € [0, T] 
with \t — s\ < e. Thanks to Proposition A.2, where we set y = <f> s (x) 

I if(r$ t (x) + (1 - r)$ s (x))|(l + \x\) N = |V’(r$i($ 7 1 (r/)) + (1 - r)y )|(1 + 

< (1 + |i/|) 7V |^(r($t($ 7 1 ( 2 /)) - y) + y )|. 


Furthermore, applying Lemma 2.7, 

\MK\y))-v\ 


= \<5> t -s{y) - y\ 

< l*-«HI®(y)ll7 

< A^(1 + M)(1 + ||A'|| 7 ). 


If \y\ ^ 1, then for e ^ (2K(l + ||X|| 7 )) 1 / 7 , 

l^(^7 1 (y)) -yK 1 


and r<h t (<l> s 1 (y)) + (1 — r)y £ R( 0 , 2 ), so that 


iR(o,i)(|y|)IV’(?'^i(^ s 1 (y)) + ( 1 -^)y)l( 1 + |y|) iV ^ sup \^{z)\. 

B{ 0,2) 


When \y\ > 1 and e < 2 “ 2 / 7 (A'(l + ||X|| 7 ))-V 7 , we have 

l^t(^7 1 (y)) -y\ < |y|/ 2 

and |r$t(‘I>7 1 (y)) + (1 — r)y\ ^ |y|/2. Now let us take > 0 such that \i/j(z)\ ^ (7^/(1 +2\z\) N . 
We have 


i«=B(o,i)(lz/l)l^(r($t($ a 1 {y)) -y) + y )| < 

< 


(l + 2|rch 4 ($7 1 (y)) + (l 

(i + ivir^- 


r)y\)~ N 


Since $ 1 


satisfies the same type of equation as <h, thanks to Lemma 2.7, for e as before, 


(1 + \x\) < 1 + \& s 1 (y ) -y | + |y| < 2(1 + |y|) 

and finally 

\ip(r($ t (x) - $ s (x)) + $s(x))| < (1 + \x\)~ N 

which ends the proof. 


□ 


Remark 3.18. We can choose e = 2 2 / 7 (A'(l + ||X|| 7 )) 1 / 7 where K is the constant of Lemma 
2.7. 


An immediate corollary gives an estimate of the growth of the function <£>($f(.)). 


22 


ROUGH LINEAR TRANSPORT EQUATION WITH AN IRREGULAR DRIFT 


Corollary 3.19. Let b and <F as in the previous lemma and let ip G R m ). Then for all 

t G [0, T] and all N G N, x -A (1 + \x\) N G L°°(R d ). 

Proof. Let 0 = to < ti < ■ ■ ■ < t n +l = t such that \U+i — U\ < £ where e > 0 is chosen as in the 
previous lemma and n is chosen as small as possible. Hence 

|(1 + |:c|) J V($t(:c))| < (1 + \x\)" ( |¥>(x)| + ^ \v($t i+1 (x)) - <p($ ti (x))\ 

V i=0 

< (i + l*!)^ \ [ dr|D^(r($ ti+ 1 (s)-$ ti (x)) + $t i (s))||$ ti+ 1 (x)-$ ti (x)| + |¥>(s)| 

\i=o Jo 

<(n + l)<p 

□ 


Finally, thanks to Lemma 2.14, we are able to give some estimates for the C 7 and Vf norms 
of <£>($.(a:)). 

Corollary 3.20. Let b as in Lemma 3.17, and <p G C^°(]R d , R TO ), then G T>\([0,T]). 

Furthermore for all N ^ 0, we have 

iw-f. will, < (i + iuu 1+1/ ’(i + Nr" 

and the implicit constant on the right hand side is nondecreasing in all the parameters. 


Proof. Let e > 0 as in Lemma 3.17 and \t — s\ ^ e and IV > 0. If C denotes the constant of 
Lemma 3.17, we have 






d rDip(r($ t (x) - $ s (x)) + $ s (x)).($t(x) 


C||4>.(x)|| 7 (l + |x|)- (iV+ 1 ) |t- S r. 
CK{1 + ||X|| 7 )(1 + \x\)~ N \t - s | 7 


Hence, thanks to Lemma 2.14, we have 


$s(x)) 


IM*.W)ll, < |c K+ i(i + ||x|| 7 )jr(i + |*|)-". 

Thanks to Remark 3.18 we can choose e = 2~ 2 / 7 , we finally have 


ll^.(®))ll 7 < TC N+1 K^h{ 1 + ||X|| 7 ) 1+1 /7 (1 + | x |)-*. 


To end the proof, we just have to remember that K and Cm+i are nondecreasing in the param¬ 
eters. □ 


Lemma 3.21. Let b and X as in Lemma 3.17 and with div 6 G _L°°(IR, d ). For all G C'^°(IR d ), 
u(X(p) G V\ is controlled by X and there exists a constant Cx>(p) which is nondecreasing in 
11 & 11 Lin ; || div 6||oo andT such that 

< CdMINIIooU + ll^|| 7 ) 1+1/7 . 
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Proof. We first rewrite u((p) in a more suitable way. We use Theorem A.l and Lemma A.2 and 
we have 


u t (Vip) = / u t {x)Vip(x)dx 

J R d 


L 

L 


uo(<& t L (x))V tp(x)dx 
«o(*)Vp($t(x))| Jac(<F t (x))|dx. 


3R d 

Thanks to Lemma 2.13, we know that when a,b are controlled by X, the product ab is also 


controlled by X and furthermore ||a&||-p7 


< 


I XL 


1^,7 . Hence, in order to prove that u{S7(p) 


is controlled it is enough to prove that for all x € IR^, t e-?• Vy?( < L((a;)) and t i—>• | Jac(4>t(x))| 
are controlled, with good estimates in x for the controlled norms of those two functions. Since 
everything is smooth here, we can apply Theorem A.l and we have 

rt 


Hence 

Furthermore 


| .Jac(<F t (x))| = exp j (divb)($ q (x))dq 
| Jac( < L i (x))| ^ exp(T|| divftHoo). 


|| Jac(<F t (x))| - | Jac(3> s (x))|| ^ — s||| div 6||oo exp(T'|| div 6||oo), 

hence | Jac(<L.(x))| € 'D'x, its derivative is zero and its recaller is itself, and we have 

|| Jac($ (aODIIz^ < (1 + || div&||oo) exp(T|| div6||oo). 

We need a bit more work to handle V<^(4>.(x)). Thanks to Corollaries 3.19 and 3.20, for all 
JV ^ 0 we already have 

l|V^.(x))|| 7 + ||V^.(x))||oo < (1 + ||A|| 7 ) 1+1 /7(1 + |x|)-^. 


Moreover 


V^(<F t (x)) - V99 ($ s (t)) 

= D 2 ip{<S> s {x)).{X t -X s ) 

+ [ d rD 2 v(r(<S> t (x) ~ $,(x)) + $ s (x)) - D 2 <p($ a (x)).(X t - X s ) 


+ d rD z <p(r($ t (x) - $s(x)) + $ s (x)). b q ($ q (x))dq 

Jo Js 

= V<p($Xx))'sX a ,t + V<p{$Xx))it- 

Thanks to Corollary 3.20, 

l|i>V(*.(*))ll7 S (1 + IUII 7 ) 1+1/1 (1 + Mr" 

// 

Next, thanks to Lemma 2.14, it is enough to control the local norm of (s,t) H > V</?( < h.(x))^ 
when we choose e as in Lemma 3.17. By Lemma 2.7, we already know that, 

rt 


[ 


bq(<$>q{x))dq 


K\t — S |(1 + 11 ^ 11 Lin) ( 1 + |x|)(l + ||X|| 7 ), 
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hence it is enough to bound drD 2 cp(r(^t(x ) — d> s (x)) + <h s (x)). But thanks to Lemma 3.17, 

this quantity is bounded by (1 + Furthermore 

-1 

d r(D 2 <p(r($ t (x) - $ s (x)) + 4> s (x)) - D 2 <p($ 3 (x))).(X t - X a ) 


f 

Jo 


= dr dqD 3 (p(rq($ t (x)-$ s (x))+ $ s (x)).($t(x)-$s(x)).(X t -X s ) 

Jo Jo 

and again thanks to Lemmas 2.7 and 3.17 we have 


sup (1 + |x|) N sup |V<£>(<&(x))^ t |/|t — s| < +°°. 

x€lR d s^t,\t— 

Furthermore, since e ((1 + ||X|| 7 )A") ly/7 thanks to Remark 3.18, thanks to Lemma 2.14 we 
have 

IIW(4>.(x))||t,j < (l + M)-"(1 + l|x|| 7 ) 1+1/l . 

As all the previous constants are nondecreasing with respect to 116||Lin? so is the implicit constant 
in this last inequality. Hence, when we put this inequality and the inequality for | Jac(4>(x))| 
together, we have 

(9) ||V<p($. (»)) Jac($.(x ))|| x ,7 < C n ,t, v (||&|| L in, II div 6 ||oo)(l + |x|) _A, (l + ||A '|| 7 ) 1+1/7 

where the constant C is nondecreasing in T, ||6||Lin and II div&Hoo- Finally as 


u t (Vip)= / u 0 (x)V</?(<Fi(x)) Jac(<F t (x))dx, 

JlR d 


□ 


'IR d 

the function u(Vip) is controlled by X and 

||Vv9($.(x)) Jac($.(®))llr>^ ^ C{T, \\ x h, II^IIlih, WdivbWc^ip, Dp, D 2 <p, D 3 ip)\\u 0 \\ 

where the constant C is the constant of Equation (9) with N = d + 1. 

Remark 3.22. The last proof shows gives that for all if £ C£°(R d ), u(V’) £ C 7 (R d ) with the 
bound 

MVOII 7 ^c(t,||u 0 ||oo,IN oo,Lin5 V»)(l + Il^ll7) 1+1/7 ' 

Hence, for all t £ [0, T], z/.* ("0) has a meaning as a continuous function of t. 

The last proof, and particularly Equation (9) gives us the following corollary 

Corollary 3.23. Let ipo £ C£°(]R d ). For all x £ R d the function t -A- ipo(,^t( x ))^° dlvh ($?(a0) d 9 
is controlled by X. Furthermore x -A ||v 7 o( < ^ > . (x)) decreasing faster than any polynomial 

and 

lll^o(^.(x))||^ ([ o iT ])(l + |x|)- iV || L o 0(Rd ) <C7(r,||6|| 00iLin , ¥> o, D^D 2 w){l + \\X\\J 1 + 1 h. 

Remark 3.24. In fact, to prove that zt(V</?o) is controlled by X we do not need cpo £ C£°(JR d ), 
but only ipo £ C 3 (R o! ) with x —> (1 + |x|) d+ 2 (|V<^o(*)| + \D 2 f( x )\ + \D 3( f( x )\) G L°°(JR d ). 

When we test (t,x) H > Uo(^f 1 (x)) against smooth compactly supported function ip, thanks to 
a change of variable, proving that u(<p) is controlled by X is equivalent proving that t H > <^(<3?i(x)) 
is controlled by X and has good integrability properties, which is what the previous lemmas have 
just achieved. 


ROUGH LINEAR TRANSPORT EQUATION WITH AN IRREGULAR DRIFT 


25 


3.3. Weak controlled solutions. The results of subsection 3.2 allow us to prove the existence of 
weak controlled solution in the smooth case (Theorem 3.5) and in the non-smooth case (Theorem 
3.6). 


Proof of Theorem 3.5. Let us first consider the weak solution u of equation (7) (see Appendix B). 
We have shown that for all tp £ C(?°(IR rf ). u(tp) £ C 7 ([0,T]) and u(V<p) G X>^([0, T]), hence 
fo u s (V<p)dJ£ s is well defined as a rough integral. Furthermore, for t £ [0, T] 


u t {div(b t (p)) 

J 

1 d xut(x)(bt(x).V(p(x) + <p{x) div bt(x))dx 

TR d 


J 

[ uo(x)(bt(®t(x))X7tp($ t (x)) + ^($ t (x))div6 t ($ t (x)))| Jac($ t (x))|dx 

IR d 

and as | Jac($t( 

»)l < 

glldivfeHooT and | J ac ($-l( x ))| ^ gll divfcHooT 

|it t (div(6 t ^))| 

< 

ll^ollooe 11 dlv6||ocT [ \{b t ($t(x))S7(p{$t(x)) + (p($t(x)) div b t (<d> t (x)))\dx 
Jwt d 


< 

||wo||ooe 2||dlv6||o ° T [ dx\b t (x).Vcp(x) + <p(x) div6 t (.x)|dx 

J IR d 



||^0||oo||fo||oo;Li n e 2 ll divb H°° r (||6|| oo , Lin + || divfo|U) 


Hence rt(div(6.Vy?)) £ L°°([0, T]) and fg dsu s (b s .Vcp) is well-defined for all t G [0, T]. As u is 
a weak solution of (7), for all <p G C'^°(R d ) and all / G Cf°([0,T]), the smooth functions with 
compact support in [0, T], 


Mo(v)/o - utUt) + J (ut{<p) - s: u s (b s .V<p + div(6 s )<^)ds — i: u s (Vv9)X s ds^ f t dt = 0 
and since fg u s (V<p)X s ds = fg u s (V<p) dX s , thanks to Lemma 3.21, we have 



u t (p) - u 0 (<p) - / u s (div(b s <p))ds 
Jo 



u s (Vtp) dX s 


ftdt = 0. 


But t —> utfp) — uo(ip) — Jq u s (div(b s <p))ds — fg u s (V<p)dX s is a continuous function, thanks to 
Remark 3.22, Lemma 3.21 and the previous computation. Hence, for every t G [0, T], 


ut{<p) ~ u o(p) ~ / u s (div(b s tp))ds - / u s (yp) dX s = 0 

Jo Jo 

and u is a WCS of equation (5). 

We will show that it is unique. Let v a WCS to eq. (7). Then, we have for all / G C“([0,T]) 
and all <p G C%°(lR, d ), 

[ v t (ip)f t dt = [ (v 0 {<p)+ f v s (dw(b s ip))ds + f v 8 (Vf)X s ds\ f t dt 
Jo Jo \ J 0 Jo J 


hence 

-v{d t f <S>(p)~ v 0 (fo 0 (p) + u(div{(6 + X)(f <g> </?)}) = 0. 

As this equation is linear, and thanks to the density of the linear span of C^QO, T]) (g> C'^°(R ci ) 
into C c °°([0,T] x R d ), for all ft G C^{[0,T\ x R d ), 


-v(dtft) - vo(f>(0 ,.)) + v(div{(b + X)tf}) = 0 
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Hence, v is a weak solution of equation (7). By Appendix B, v = u and uniqueness holds for the 
weak controlled solutions in the smooth case. □ 


Thanks to Theorem 3.5, we now have all the tools to deal with the rough transport equation. 
We are looking for weak controlled solutions. Here we will no longer suppose that X is smooth. 
As usual in such a setting, we will approximate X and b in a smooth way, and use the a priori 
bounds of the previous part to obtain compactness. 


Proof of Theorem 3.6. As X £ 77. 7 ([0, T]), there exists a sequence (X £ ) £ = (X £ , X £ ) £ £ X. 7 ([0, T]) 
with X £ t = f* X e s — X £ dXf such that X £ £ C' 1 (IR‘ i ) and 11X — X e ||-^.7 —> 0. We can also approx¬ 
imate b by ¥ such that ¥ £ L°°([0, T]; Lip(R d ) n C 1 (R d )) and div6 £ £ L°°([0, T]; C b 1 (R a! )). Let 
us consider the weak Rough solution u £ of the equation dtu £ + ¥ .Vu £ + Xf = 0 with Uq = uq. 
Thanks to Theorem 3.5, we know that for all t £ [0,T] and all ip £ 

u £ s {b e s .Vf)ds+ f u £ s (Xip) dX £ . 

Jo 

The strategy here is to extract a subsequence such that each term from the previous equality 
converges. First let us show that there exists u £ L°°([0, T] x R d ) and a subsequence e n such 
that 


This is nearly straightforward since nf(x) = tto((^ ,e ) t 1 (®)) and ||n £ ||L°° ^ ||uo||l°°- Hence ( u £ ) e 
is relatively compact for the weak-star topology of L 1 , and we take a subsequence ( e n ) and 

u £ L°°([0,T] x R d ) such that u £n W ~* L - > u. Furthermore, for all p £ CT°(R d ), we have 


( 10 ) 


u £ t (ip) = u 0 (f) T [ 
Jo 


u £n (f) 






But thanks to Remark 3.22, we know that u £ (ip) £ C 7 ([0,T]) and that 

\\u £ (v)\\j < C(T, ||tt 0 ||oo, Halloo, Lin, <p)0- T ||X £ || 7 ) 1+1/7 

< C(T, llnolloo, ||6||oo,Lin,V?)(l + P1l 7 ) 1+1/7 

< Too. 

We can apply Arzela-Ascoli to u £ (ip), and there exists l(u,p ) £ C([0,T]) such that, for another 
subsequence (e n ) of (e n ), (u £n (</?)) converges uniformly to l(u,ip). Hence we have u(<p) = l(u,p) 
and u(p) £ C 7 ([0,T]). The same strategy works for tt £ (div(& £ <y?))d,s up to extraction of an 
other subsequence. Hence, for all p £ C'^°(R' :i ), there exists another subsequence, let us denote it 
again by (e n ) such that (f Q n £n (div(6 £Tl .V(/?))ds) converges uniformly to f Q u s (b s .Vp)ds. Thanks 
to Lemma 3.21, as sup e>0 ||X £ ||o, 7 T ||& £ ||oo,Lm + || div& £ ||oo < Too we have 

sup |K (V<P) IIt> 7 < "Loo. 

£>0 x 


Hence, u £ (X7p) is bounded in the space T)\ e , uniformly in e. It is possible to apply the Arzela- 
Ascoli theorem to u £ (S7p), (u £ (Vp))' and (u £ (V</?))^, and there exists u(Vp) £ T>\ such that 

T)7 

u £ri (Vp) —t u{S7p). 


Furthermore, thanks to the definition of the rough integral (see Theorem 2.16 above) and the 
comparison between controlled paths (see Lemma 2.13), we know that 


L 


U Q 


*(V(/j)dX £ 


C 7 


u s {Vf) dX s 
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Hence the last term in equation (10) converges. Finally we have shown that u £ L°°([0, T] x R d ) 
is such that for all £ C^ >0 (]R' i ), u(V<p) is controlled by X and for all t £ [0, T\, 

u t (ip) = u 0 (ip) + / u s (b s .\7ip)ds + / R s (V<^)dX s 

Jo Jo 

and u is a weak controlled solution to equation (5). □ 


3.4. Stochastic processes, measurable weak controlled solutions. The proof of Theorem 
3.8 is quite similar to the one in the deterministic case. The only - but significant - difference is 
that we can no longer apply naively the Arzela-Ascoli theorem. As before we will use a weak- 
*-compactness theorem to identify a limit. In order to find a Holder continuous version of this 
limit, we will use a sequence of partitions (here the dyadic numbers) and Riemann sums. The 
end of the proof will be devoted to prove the convergence of each term to the wanted quantities. 


Proof of Theorem 3.8. Let (X £ ) the smooth approximation of X. Let k : R (i —> R ci a smooth 
modifier, i.e. k £ C'^R'*), k = 1 for \x\ ^ 1 and k = 0 for |x| > 2, and k £ {x) = k Let 
b e = k £ * 6, hence ¥ £ L°°(H x [0, T]; C°°(R d ) n Lin(R o! )) and for all Y £ L 1 (H) 

E[l|fr £ — ^llL°°([0,T];Lin(IR d ))^] 0 

and ||& £ ||L°o (nx [o,T];Lin(iR d )) ^ II^IIl^CQx[ o,T] ; Lin(]R d ) ) ■ Furthermore div6 e ^“(nx[o,T]xlR d ) div&) 
i.e. for all / £ L 1 (fl x [0,T] x R d ), 


E 

f divbf(x)ftfx)dxdt 

-A E 

[ d\vb t {x)f t {x)dxdt 


J[0,T]x1R. d 


J[0,T]xTR. d 


and || div6 e || L oo(Q X [o,T]xiR d ) ^5 II divfr||i/x,(nx[o,T]xiR d )- 

Let <F £ the flow of the approximate equation <Ff(x) = x + Jq b q ($ q (x))dg + Xf and (4> £ ) _1 
its inverse. We know, thanks to Theorem 3.5, that uf (x) = 'ito(( < f ,£ )) _1 ( x ’)) i s a wea k controlled 
solution of the approximate rough transport equation with initial condition uq. i.e. for all 
<p £ C'^°(R d ), t uf(<p) is controlled by X £ almost surely, and for all s < t £ [0, T], 


u t(v) ~ u l(v) = [ u £ q (dw{b e q cp))dq + f u £ q {V(p) dX; 
J S J S 

First, as uq £ L°°(H x R rf ), 


ll M 11 L°° (H x [0,T] x IR d ) ^ 

Hence there exists a subsequence abusively denoted again by (u £ ), and u £ L°°(fl X [0,T] X R (i ) 
such that for all Y € L 1 (H), / £ L 1 ([0, T]), (p £ L 1 (R (i ) 


E 


dt / u e t (x)(p(x)dxftdtY 


/R d 


E 


/ 0 JlR. d 


u t (x)(p(x)dxf t dtY 


Let us hnd a weakly continuous version of the limit u. Let us define for n ^ 0 the points of 
the dyadic partition of [0, T] by tf = TT2~ n . We denote by n n = {tf : i £ {0,..., 2 n }} and by 
n = U n >in n . As n is countable and for all t £ n 


\\ u t llL°°(nx]R d ) ^ ll n o||oo < +oo, 

there exists a subsequence of (ii £ ), denoted again by ( u £ ) such that for all t £ n there exists ut £ 
L°°(HxR o! ) such that rtf —*■ ut weakly in L°°(HxR' i ). Furthermore, for all t £ n, ||LitHz/°°(STxiR d ) ^ 
ll u o||L°o(nxIR d )- 
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Furthermore, let us recall that thanks to Lemma 3.21, u £ (ip) £ T>\ e almost surely and since 
11 11 L°° (f2 x [0,T] ;Lin(R d )) ^ 11 ^ 11 (S7 x [0,T];Lin(IR d )) an d ||X £ ||-ft.7 ^ 11 ^ 11 7^^ 

KfoOllcj, <^,Mo(l + l|X|k,) 1+1/7 . 

We have, for all s,t £ II, all p £ C'£°(IR o! ), since Ut{p) — u s (tp) £ L°°(fl), for all p ^ 1, 

n(HA<pWusA<p)) 2p - 1 } E[(^ s , t (^)) 2p ]. 

But, by Holder’s inequality, 

EK; t (rf(M,,«(»>)) 2p - 1 ] « E[(««,t(v)) 2 ’’] 1 - 1 / 2 p E[(K;.(rf) 2p ] 1/2 ’’ 

< P E[(«», t M) 2 <’]«( 2 >- i )|t- s r 

Hence 


(11) E[(<5u Sjf (^)) 2p ] < p ^,11611,11^11 |t - s| 27P . 

Hence, for t € [0,T], ( tk)k , £ n N such that f*, -* t and ifc —>• f, (ut k (p) — f/ fc (+))fc converges 

to zero in LP(yi). Furthermore (ut k (p))k is Cauchy in L 2 p (H). We call its limit Ut(<p). Note 
that it is independent of the sequence in n. Since ||z/°°(ST) ^ II^oIIl^UxR+IMIl+irD)) 

by the dominated convergence theorem, the bound in Equation (11) holds for all s,t £ [0, T]. 
Hence, thanks to the usual Kolmogorov continuity Theorem, almost surely for all y < 7 , u{ip) £ 
C 7 / ([0, T]) and for all E[||tt(<^)|| p 7 ] < +00 for 1 ^ p < + 00 . 

Let us take / £ C'“([0,T]), Y £ L q (Q) for 1 < q ^ +00 and, ip £ CT°(R d ). As for every point 
s £ n, u s (ip ) = u s (<p), and thanks to Riemann sum estimates, where we define 


2 n —1 


2 n —1 


Sn(<PJ) = 2 n fu u t?(<P) and5„(v3,/) = 2 n fuwt?(<p) 


1=0 


i=0 


we have 


( 12 ) 


E 


(«!(+) ~u t (p))f t dtY 


DO 


sC E 


f t u e t (ip)dt - 5®(<p,/) 




+|E[(5®( ¥ >,/)-5 n ( ¥> ,/))y]| 

r T 

+E 


/o 


< 

r^j 


f t u t (p)dt - S n (ip,f ) 

LO c (nxRd) E[|y|]2 


|y| 


2"—1 


+II/IU 2 n |EKnM-<„(^)y]| 

‘ ^ % X 


i=0 


+11/1(002 7 "E[(sup ||« £ (+)|| 7 + ||u|| 7 )|y|]. 


Letting e go to zero and n go to infinity, we have 


E 


[ ftUt((p)dtY 
Jo 


= E 


f t ut{ip)dtY 


hence almost surely and for almost all t £ [0, T] Ut(jp ) = Ut(<p)- Since it is also true for all 
<p £ C“(R rf ), we have shown that there exists a version u of the weak limit u such that u £ 
L°°(H x [0, T] x R d ) and 


^)£^(H;C 7 ([0,T])). 


















ROUGH LINEAR TRANSPORT EQUATION WITH AN IRREGULAR DRIFT 


29 


From now on we will consider only this version and denote it by u. 

Thanks to the hypothesis on b and 6 e , we know that for all p £ C£°(lR d ), div(b £ p ) —>• div( 6 </?) 
strongly in L 1 ([0,T] x R d ). Hence, for all t £ [0,T] 

f u £ q (div(b £ q p))dq = [ dq [ dxu £ (x) dw(b £ <p)t [0jt] (q) ->• [ u q (div(b q p))dq, 

Jo Jo J IR d io 

where the convergence is weak in L°°(Q). Furthermore, since the following bound holds 
||ttg(div( 6 ^))|| L oo(Q X [ 0iT ]> ^ ||wo||(n x iR d )ll div 6 (/?||i<x=(nx[o,T] ; Li(R d )), 
by the dominated convergence theorem we have 

fu £ ^ m) dq ^°°Vx[0,T]) f Uq{dW{bqip))dq . 

Jo Jo 

In order to prove that u is a weak controlled solution of the Rough transport equation, it 
remains to show that the last term f Q u £ (Vp)dX £ converges weakly in L°°(£l\T>'([0,T])) where 
T>' is the set of distributions on [0, T] to f 0 u q (Vp)dX q . In order to do that, it is necessary to 
show that u(Xp) is controlled by X. Thanks to the last construction, for all m £ N and all 
tp £ C c °°(R fZ ,R m ) and all t £ n, uf(p) converges to Ut(p) weakly in L°°{ f2) and furthermore 
t —» Ut(tp) is almost surely in C 7 ([0, T]) for all 7 ' < 7 , and ||i((</?)|| c y £ L P (Q) for all 1 ^ p < + 00 . 
Hence, this holds for Vo? and V 2 o? when p £ C?°( R rf ). Furthermore, thanks to Lemma 3.21, 
u £ (Xp)' = u £ (y 2 p). 

For all s ^ t £ n and all Y £ for q > 1, we have X S fY £ L 1 (H), and the following 

computation holds 


|E [u £ s (Xp)Xl t Y] - E[u s (V^)X Sit F]| < |E [u £ s (Vp)X s , t Y] - E[u s (V^)X Sit F]| 

+n\u £ s (Vp)\\X £ S!t -X s , t \\Y\] 

< |E [u £ {Vp)X s , t Y] - E[u a (V^)X iit y]| 
+E[|X £ t - X s , t \P] 1 /PTE[\Y\‘i] 1 /Y 

Since E[||X £ - X||^ y ] 0 and |ri £ (V</?)| < l|V¥?|| L i(Rd), for all 1 < +00 

and all s,t £ n, ul(p)X £ t converge weakly in L P (H) to u s (p)X s j. The same computation holds 
for u £ s (X 2 p)X £ st and u s (X 2 p)X s j and u £ (V 2 p)3L £ t and u s (V 2 p)X s j- 
Furthermore, for all s, t £ n 

< t (V¥>) = u £ (Xp) t - u £ (Vp) s - <(VV)X £ t . 

Hence r £ t (Xp) —^ r Si t(V(/?) weakly in L p for all 1 ^ p < +00 and we have for all Y £ L q (£l), 
E[(tv(V<^) - (u(Xp) t - u(Vp) s ) - u s (V 2 ip)X Sjt )Y] = 0. 

Hence, almost surely for all s,t £ n, 

u(Vp) t - u(Xp) s = u s {yp)'X Sit + r S)t (V p). 

thanks to the same limiting procedure, the previous equation is true for all s,t £ [0, T]. Further¬ 
more, by the same computation, we also have that for all s,t £ [0, T]. 

n\rs,t\ 2p ] <p |t-s| 47P - 

Therefore, by Kolmogorov’s continuity theorem, r Sj t £ C 2,1 . Hence, almost surely u(Vp) is 
y'-controlled by X and ||it(V<^)|| y £ L P (H) for all 1 ^ p < + 00 . 

D v 
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For all n ^ 0, k ^ n and all t £ rifc> n nfc, there exists ii £ {0,..., 2 fc } such that t = t k k . Then 

^ ®t 

we define 


if-1 


Si(V<P, t) = Y] [< (V^cWfi fc + u% (vV)X? fc , k ] 

‘ ^ L i ,b i +1 L i L i 


i=0 


and Sk(\7(p,t) as the same quantity for u and X. Thanks to the definitions of u, we know that 
SifVip, r) converges weakly in all for 1 ^ p < +oo to Sfc(V<^, r). Furthermore, thanks to 

the estimates for the rough integrals, and since ||u £ (V</?)|| y < (1 + ||X||-,y) 1+1 / 7 , we have 

U v c 


y x £ 


/‘»'(V v )dX'-Sf(V v ,<) < IKfWJIIy||X'|| K ,.2-<V-1) 

< (l + ||X|| Ky r‘/7'2-(V-l) 


and 


[ Ug(V(/?)dX g - Sk(V<p, t ) 
Jo 

Hence, for all 1 < q ^ +oo, and Y £ L 9 (H), 


< 

r^j 


l«.(V^)|| 2? y||X|| w y2-( 3 T / - 1 ). 


E 


< E 


+E 


t^V^dX* - f u q (V<p) dX g j Y 
Jo 

f u q (\7tp)dX. £ — Sk(Vtp, t) 

Jo 


l^ (n) + |E [(S e k (y<P,t) ~ S k (V<p,t))Y]\ p 


\\n P LH ny 


As e —> 0 and k —> +oo, the right hand side of the previous inequality goes to zero, and for all 
^ ^ H, Jy Uq(Vcp)dXq converges weakly to jJ u q (V<p) dX g in L P (H) for all 1 ^ p < +oo. 
Furthermore, as for all t £ [0, T] 

£ f 1 + ll« E (V^)|| 7? y ) ((1 + ||X e || w y)) < (1 + ||X||^y) 2+1/7 ' 

JO ' xe ' 


and the same kind of bound holds for 


Jo ^g(V<£)dX g . By a similar computation to (12), for all 


1 < p < Too, all Y £ L*(Q) and all / € C£°([0,T]), 


E 


LJo 


ft / U £ (Vcp)dX. £ dtY 


E 


Ljo 


Y 

ft / u q (X7<p)dX q dtY 
Jo 


Hence all terms of the approximate equation converge and we have, for all test functions / and 
Y, 


E 


l ~ Uo M ~ l ^(dW(b qV ))dq - I U q (\7v)aXq^ f t dtY 


= 0 . 


Almost surely and for almost all t £ [0, T], 

u t (<p) = u 0 (<p) + / u q (div(b q (p))dq + / u q (y<p)dX q 
Jo Jo 


Hence, u £ L°°(fi x [0, T] X R rf ) is a weak controlled solution of the rough transport equation 
driven by X. □ 
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4. Uniqueness of solutions 

In order to prove the uniqueness of weak controlled solutions, we will use a duality argu¬ 
ment. Indeed, we will suppose that everything is smooth, and that ip is a strong solution of the 
Continuity Equation 

dtip + div (b)ip + b/Vip + Vip.X = 0 

with ipt £ C“(R d ) for all t £ [0, T], we have for any weak solution of the rough transport 
equation, using the Leibniz rule on uflipt) = {ut,ipt)> 

dt(u t {i/>t )) = d t u t {ipt) + u t (dt(ipt)) 

= u t (div (b t ip t )) + ut(V'i/j t )X t - u t (div(bip t ) ~ 

= 0 . 

Hence uflipt ) = uoi^Po)- As the equation is linear, it is enough to prove uniqueness when uq = 0, 
then Ut(ipt) = 0- The trick here is to solve the rough continuity equation backward, such that 
for any fixed ip £ Cf°(]R d ) and any t £ [0,T], there exists a solution of the rough continuity 
equation such that ipt = W- Hopefully the work for such an existence has been done in Section 3 
and in subsection 3.1. 

As the transport equation is linear, it is enough to prove uniqueness when uq = 0. We would 
like to use the standard duality argument to prove that in that case the only solution is zero. As 
we need to test the weak controlled solution against smooth compactly supported functions, it is 
not possible to do it directly. The idea is to approximate the vectorfield b with a smooth one, and 
hence to show that the error we make by such a trick goes to zero when the regularization goes 
to zero. This is the purpose of the lemma of the following section, which allows us to compare 
different weak controlled solution associated to different vector fields. 


4.1. The fundamental lemma. 


Lemma 4.1 (Fundamental Lemma). Let 1/3 < 7 ^ 1/2, X = (X, X) £ 1Z 7 be a geometric 
rough path, b £ L°°([0, T]; Lin(R a! )) be two vector spaces such that b £ L°°([0, T]; (^^(R^)) with 
divft £ L°°([0,T]; L°°(R d )). Let 4> the flow associated to X and b, and let R the radius of the 
ball of Lemma 3.12 associated to b and X. 

Let u £ L°°([0, T] x R d ) a weak controlled solution of the rough transport equation with uq = 0, 
and 

G t q{x)= f (div 6 r )(lv_g(x))dr. 

Jq 

Then 

\ut 0 (vo)\ < IMloo sup f dx[| div (6 — b) q \ + |(6 — b) q (x)\\(\D& to _ q (x)\ + |VG*°(x)|). 
ge[0,t 0 ] JB f (0,R) 


Proof. Let ipo £ C£° and b £ Cf°. For all t £ [0, T] we define, 


ipt-x^ ip t (x) = (po($ t ( x )) ex P 


- / (div 6)(4? (x))dg 


£ C c °°(IR d ). 


By Theorem 3.2, ip is a strong controlled solution of the rough continuity equation. 
Furthermore, thanks to the definition of R , for all n £ N 


t-H)> t (x)G^([0,T]) 
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and 


I D 'ipX x ) llx>^. ^-Bf( 0 ,R) ( x )’ 


Since S7ipX x ) £ £> 7 ([0,T]) and the function a; —> ||Vi/ ; .( x )llx>^([o,T]) is compactly supported, we 
have 

u t ($t) ~ Us$ s ) = (ut - u s )('ip s ) + u s {$ t - - 0 ) + (ut - u s ){$ t ~ $s) 

ft _ j 

= / u q (b.S/ijj s + (div b)i/j s )dq + u a (V^ s ).X Sit + -u s (X 2 ip s ).Xf 2 


f Usib.S/ipq + (div b)^s)dq - u s (y^ s ).X Stt + ^u s (V 2 ^ s ).Xfj 

J S 

j U q {b.('V'4>- 


+ 

t s 

+R s ,t, 


<t - X^ s ) + (div&)(V> t - ?/> s ))dg + u s (Xipt - Xi> s ).X 8jt 


where |i? S)t | < |i - s| 37 . 

But 

u s {Vipt ~ X4> s ) = -u s (X 2 'tp s ).X Sjt + R s j 
and all the rough terms cancelled. Finally we have 

uti'ipt) - u s {i>s) = / Uq((b-b).Xi> q )dq+ u q (div(b - b)i> q )dq 

J s J s 


+ / u t 


I 


,(6.(V^t - W> g ))dg + u q ((divb)(4’ t - ip q ))dq 


+ (ttq - u s ){bX7^ q + (div6)i/> 9 )dg + 


Furthermore 


u q (b.(X(p 


't ~ Xi> q ))dq 


~e,T,<p,b, ||X|| 7 IMloo 


^|t-9l 7 dg< |t 


— s 


1+7 



V’g))d(? 


< 

r^j 


\t~ 


11+7 


and since b.X^ q + (divb)^ ? 6 C“(R d ) and u is a WCS 

\{u q - u s )(b.Xi> q + (div b)^ q )\ < \q - s| 7 . 

Hence, we have the following decomposition 

ut(i>t) ~ u s ($s) = J u q ((b - b).Xip q + div(6 - b)4> q )dq + R Sjt 

where \R s ,t\ X: X ~ s | 37 - But, thanks to the last equation, 


bRr,s,t — 0 

R s ,t = 0. 


and the Lemma 2.17 gives 
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Finally, we have 


(13) 


Ut($t) ~ Us(i>s) = 


j u q {{b-b ) 

u q (dw[(b 


- b).Vtf; q + div (6 - b)$ q )dq 


'q - bq)^q])dq. 


As Equation (5) is linear, in order to prove the uniqueness of the solutions, it is enough to prove 
it when uq = 0. As stated above, we need backward solutions of the Continuity Equation. When 


b is bounded smooth, for <po £ C“( 1 R“), x -A- <po(x) = ipo{^t 0 (x)) exp y J 0 0 (div& ? )($ 9 (a;))d</J is 

smooth, compactly supported and i/> is a solution of the rough continuity equation. Furthermore 
V’to(z) = ip 0 (x), and 

4>t(x) = ^o(^ 0 -t( x )) ex P (J (div6 9 )(4> 9 _t(a;))dg^ . 

Hence, we can choose t = to in (13) and 5 = 0, and we have 

ft o 


/v o 

Utoivo) = / u q (div[(b q - b q )tlj q })dq. 
Jo 


We can split the right hand side into three parts 

ft o 

A, = 


A 2 = 

and 


/V 


pt o 

/ u q (div(b-b) q ^ q )dq, 

Jo 

d xu q (x)(b - b) q (x).V(p 0 ($t-q{x)).D® t - q (x) exp 


(divb r )($ r - q (x))dq dg, 


A* = 


[ dq[ dxu q (x)^ q (x){b - b) q (x) [ V(divb r )($r- q ( x ))-D$ r - q (x)dq. 
Jo j IR d jq 


Let us recall that \tp q (x)\ ^ ||||oo exp(T|| div R)( x ) w h ere R is nondecreasing i 

||X|| 7 and ||6||oo- Hence 


in T, 


|Ai| ^ ||«||ooT sup 

<?e[o,T] J] R d 


I div b q - div b q \l Bf(0 B) (x). 


j^d dx I di\ Ug U1V Ug\ * Bf ( 0 

For A 2 we will use the same trick: as |V<^o(^t-g(®))| ^ II V^ollool^o r)( x )> we have 

dx\b q (x) - b q (x)\l Bf{0 ^(x)\D^ t _ q (x)\. 


|H 2 | < sup 
9€[ o,T] 

The same holds for A 3 , and we have 

/ dx\b q {x)-b q (x)\t B , ok Ax) 

| J TR d 1 

Once put together, this gives the wanted result. 

Remark 4.2. In fact, the proof gives us a decomposition of u q ((po) as the follows: 


1 ^ 31 


< 


sup 
<?G[0,T] . 


V(div b r )($> r - q (x)).D$ r - q (x)dr 


□ 


A(x) = ipo{&t 0 -t( x )) exp (^ (' dWb q )($ q -t(x))dq 
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and every weak controlled solution of the rough transport equation verifies 

rto 

u t 0 (.Vo) = u q (div[(b q - b q )4> q ])dq. 

Jo 


4.2. Strong uniqueness. In the case of the fractional Brownian motion, a phenomenon of 
regularization by noise will occur. But even without any regularization, we have the following 
theorem. 


Theorem 4.3. Let b E L°°([0, T]; L°°(JR . d ) n C' 1 (R d )), 5 > 0 and div b E L°°([0, T] x R d ) ; 1/3 < 
7 ^ 1/2 and X E 7£ 7 ([0,T]). There exists a unique weak controlled solution with uq E L°°(R^) 
to the rough transport equation. 


Proof. As b E L°°([0,T];Lin(R d )), and since div b E L°°([0,T] X R d ) and X E R 7 , there exists 
a weak controlled solution. Furthermore, b is locally Lipschitz continuous in the second variable 
and b has linear growth in the second variable. It is well-known that there exists a unique solution 
to the equation 

$t(x)=x + [ b q ($ q (x))dq + X q . 

Jo 

Furthermore, is differentiable in space, and its spatial derivative satisfies the following equation 

D$ t {x) = id+ [ Db q ($ q (x)).D$ q (x)dq. 

Jo 

Furthermore, for for r > 0 and x ^ r 


D$ t {x )|< sup e sup !/6S(’’+i|x|| 00 +T||6|| (X) ) \ Db q(y)\ m 
~ ?e[o,T] 


In order to prove uniqueness, with the notations of Remark 4.2, we only have to check that there 
exists a sequence b £ E C' 0 O (R rf ) such that 


(14) 


KM | = 


rto 

L 


u q (div[(b q 


b q W q ])dq 


~~te->0 0- 


Let k E ^(R 6 *, R) a modifier, z.e. k ^ 0 such that k(x)dx = 1 and k(x) = k(—x). Let 
k £ (x) = ^ k(x/e ) and b e = k £ * b. Hence, ¥ E C'£°(R <i ) with 11 div 11 oo ^ Hdiv&Hoo. Let us 
recall, thanks to Lemma 3.21 and since tp E C°° and ¥ E C£°(R d ) D Lin(R d ), for all t E [0, T], 
x —> tp(i 3?f (x)) E C'^ 0 (R ci ) and since ||b e ||cxD < Halloo, for all N £ N, there exists R > 0 independent 
of e such that for all t E [0, T], 


supp¥>o($t(.))| C 5(0, R). 

Furthermore, as ¥ E C°° , for all t E [0, T], 4>f E C 1 (R d ) and for x ^ R 

sup sup \D<& £ q (x)\ ^ sup e suPaes ( i? +ll x ll°°+ T ll ,, ll 00 ) \ Db ^(.y)\ . 
e>0 ig[o,t] q e[o ,T] 


Furthermore, as 6 E L°°([0, T]; C' 1 (R d ) fl L°°(R d ))> by localization 

supe -1 sup | b q (x) — b £ q (x)\ < +oo. 
e>0 qe[0,T],x£B(0,R) 


In order to prove the theorem when div b E L°°(R ci ), we need to use an approximation argument. 
As all the function are localized in a ball of radius R, let i] > 0 and let 6 E C°°([0, T] X R rf ) such 
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that 11(0 - w)lB(o,R)|| L i([o,T]xR d ) < V- We have 


ft 0 

f 

fto 

f 

/ d q 

/ dx9 q (x) div((b q - b q )ifi £ )(x) 

= dq 

/ dxV0,(x).(6,-6*)(x)^*(x) 

Jo 

Jb{o,r) 

Jo 

Jb{o,r) 


~ 11^ — ^ilL° o ([0,T]xB(0,R))l|V^llL oo ([0,T]xB(0,R))- 


On the other hand, we have 


/% / 

JO J E 


IB(0,R) 


d x(u q (x) - 0 q (x)) div((6(x) - b £ (x))^ £ Jx)) 


< 


I|u - 0 ||l°°([O,T]xB(O,R))II div((6 g - 0g)V ; g)llL°°([O,T]xB(O,R))- 


But 


where 


and 


lB( 0 ,fl)(*)div(( 6 , - b e q W q ){x) ^ e T||div6 lli°°([ 0 ,T ] xRd ) (A{(x) + A%(x) + A £ 3 (x)), 

a i = |(div 6 9 -div 6 ^)(x)||¥j($f 0 _ 9 (x))|l B ( 0 ,fl)(x) < || div 6 9 || L oo ([ 0 )T]x]R d ) , 

A 2 = I b q( x ) - & g(®)ll V ^(^?o-g( a; ))IP $ fo- q ( a; )l 1 R( 0 ,R)(^) ^ Sup ||6,l B (0,fl) IIl^R*) 

ge[0,T] 

^3 = \bq(x) - b £ g(x)\\<p{<f> £ to _ q (x))\ [ V div b £ (^ £ _ q (x))\D^ £ _ q (x)\drt B ^ 0 R -j(x) 


< 


sup ||(6, - 0g)lB(o,_R)Vdiv b £ (& £ (.) 


g,re[0,T] 


< 1 , 


since ||(6, - b £ q )l B ( 0 ,R) IU and || V div 6 £ (^(.))1 b(o,R) II % V e - Hence 

d x(u q (x) - 0,(x))div((6(x) - b £ (x))i/j E q (x)) 


j\ q f 


'0 JB(0,R) 

Finally thanks to Remark 4.2, 

rto 


^ V- 


uto(<p)\ ^ [ dq [ dx(u q (x) - 9 q (x)) div((b(x) - b £ {x))^ £ {x)) 

Jo Jb(o,r) 


+ 


[ dq f dxe q {x)dw((b q -b e )ip £ )(x) 

Jo Jb(o,r) 


< 


V + \\ b - fe ‘'llL°°([O,T]xB(O,R))l|V0||Boo([ OiT ] xB ( Oi B)). 


Now e goes to zero, and Ut 0 (ip) = 0 for all ip € C'^°(IR ci ), which is exactly the wanted result. □ 


Remark 4.4. If b € Lin(R d ) the last argument does not work. Indeed, we were not able to 
prove that in that case the the functions x i— > ^(4> £ (x)) is compactly supported. In order to fix 
that, one solution might be to localize the function b before mollifying it. Let 6 € C'“(IR <i ) such 
that 0(x) = 1 for |x[ ^ 1 and 0(x) = 0 for |x| ^ 2. For r > 0 let us define 6 r [x) = 9{x/r ) and 

b £ ’ r (x) = k e * (, b q d r ). 

In order to complete the duality argument in Lemma 4.1 we would have to test u against ij> £,r 9 r . 
In that procedure other remainder terms should appear. 
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Corollary 4.5. With the hypothesis of the previous theorem, for uq £ C 3 (R ci ) there exists a 
unique strong controlled solution u to the rough transport equation. Furthermore, for all (t, x ) £ 
[0, T] x 1R d , u t (x) = uoi^ix)). 

Proof. Thanks to Theorem 3.2, for uo £ C|(R d ) we know that (t,x) —> Uo(& t 1 (.x)) is a strong 
controlled solution, and then a weak controlled solution. But the previous theorem guarantees 
that there is only one weak controlled solution. □ 

4.3. Regularization by noise. In the article by Catellier and Gubinelli [5], as we presented in 
Subsection 2.3, that when the process X is p-irregular, a phenomenon of regularization occurs. 
Indeed, for less regular vectorfields b the flow of the equation exists, and furthermore its averaging 
properties are nice. We will give two different results: for a general /?-irregular path, and for the 
fractional Brownian motion. 


4.3.1. General p— irregular paths. 

Theorem 4.6. Let | < 7 ^ 1, X = (X, X) £ 7£ 7 ([0 ,T]), p > 0 such that X is p-irregular. Let 
a > —p such that a + 3/2 > 0 and b £ J r Z/ a+ 3 / 2 (R <i ) and divfe £ JFL a+ ^/ 2 . Let uq € L°°(R d ). 
There exists a unique weak controlled solution to the Rough Transport Equation with initial 
condition uq. 


Proof. Thanks to Theorem 2.25, the flow 4> of the equation 

4 > t (x) = x+[ b($ q (x))dq + X t 

Jo 

exists. Furthermore, we know that for a mollification b £ of b such that ||6 — b £ \\jr La + 3/2 —> 0, 

sup sup \D& e q (x)\ < + 00 . 

£>o te[o,T],xeiR d 


As a + 3/2 > 0, 

\b{x) - b(y )| < \x - yr +3/2 ||6||^ LQ+ 3/2. 

Hence b £ Lin(R a! ), divfo £ L°°(R <i ) and there exists a weak controlled solution of the rough 
transport equation. Finally for all t £ [0,T], thanks to Proposition 2.28 the function 


(G £ ) q ° : x ->■ r°(div6 £ )(^_ g (.T))dg 

Jq 

is differentiable and 

sup sup (G e )*°(|x|) < A'(kl) Ar a+i(div6). 
£>0 g^t 0 e[0,T] 

Thanks to Lemma 4.1, it is enough to prove that 


A e = sup f l B(OtR s ) (x)\b{x)-b £ (x)\(\D^ £ t (x)\ + \X{G £ ) to (x)\)^0 
ge[o,T] Jn d 


and 

B e = sup [ l B{0}RS) (x)\di-vb{x)-dXb £ (x)\(\D<S> £ to _ q (x)\ + \X(G £ ) t (] o {x)\). 

<?e[o,T] J R d 

Since a + 3/2 > 0, b £ C 3 ([0,T]), R £ < R where R £ and R are the radii defined in Lemma 3.12, 
and ||6—6 £ || 00 —> 0. Furthermore, thanks to Theorem 2.25, (|H4>f 0 _ g (x)| + |V(G £ )g°(x)|) < /F(|x|) 
uniformely in e. Hence A e —> 0. Furthermore, div6 £ = k £ * (div6) and since a + 3/2 > 0, 
div6 £ ~^ L °° div6 £ , and then the result follows. □ 
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As the proof of the last theorem is pathwise, one can prove the following corollary where b 
and uq are random and X a generic continuous and /?-irregular stochastic process which lifts into 
TZ 7 and with good approximation properties in L p (Ll). 

Corollary 4.7. Let p > 0, a > —p such that 3/2 + a > 0 and 1/3 < 7 ^ 1.2. Let (fl, J-, P) 
a probability space, X a continuous stochastic process on (fi, T, P) such that X is almost surely 
p-irregular and almost surely X lifts in a measurable way to X € 1Z 1 . Suppose furthermore that 
for any smooth approximation X £ o/X and any 1 ^ p < + 00 , E[||X e — X||^ 7 ] —» 0. 

Let b £ L°°(fl x R d ), div 6 £ L°°(fi x ]R d ) such that almost surely b(ui,.) £ iFL a+3 / 2 and 
div 6 £ XL a+3 / 2 . Let u 0 £ L°°(Ll x R d ). 

There exists a unique Stochastic weak controlled solution u £ L°°(Q x [0, T] x R d ) of the Rough 
Transport Equation with initial condition uq. 

Proof. The existence of such a solution is proved in Theorem 3.8. For the uniqueness result, 
remark that the lift X of X and the functions b and uq satisfy the conditions of the last theorem 
almost surely. Hence, the solution is unique. □ 

Remark 4.8. For H £ (0,1), —a < p < 1/2 H with a + 3/2 > 0, the fractional Brownian 
motion B H satisfies the hypothesis of the last theorem. The last result allows us to take random 
vectorhelds. 

4.3.2. Fractional Brownian motion, the holder continuous case. The last proofs, and in particular 
the proof of the Lemma 4.1 relies on the existence of a flow for the characteristic equation 
associated to the vectorheld b and the path X. In order to prove uniqueness, a uniform bound 
on the differential of the flow for regularized vectorhelds b is also needed. In [5], the authors 
use a Girsanov transform for the fractional Brownian motion in order to extend the space of 
vectorhelds, namely from J-L a to C 13 , the space of Holder continuous function. 

Theorem 4.9. Let H £ (1/3,1/2] and a > —1/2 H with a + 1 > 0. Let (fi, J 7 , P) a probability 
space mid B H a d-dimensional fractional Brownian motion of Hurst parameter H associated 
to the probability space and its natural lift. Let b £ C“ + 1 (R d ) with div 6 £ C^ + 1 (R d ), and 
uq £ L°°{JR. d ). There exists a unique Stochastic weak controlled solution u of the Stochastic rough 
transport equation driven by with initial condition uq. 

Proof. The existence holds thanks to Theorem 3.8. 

Let —1/2 H < a' < a such that a' + 1 > 0. Let b e a mollification of b. We know that 
||6 — 6 £ ||oo —>• 0. Let ipo £ C£°( R d ) a test function and the radius R £ associated to the how 
and ip 0 . As R £ = R Vo + 2T||6 £ || 00 + ||B H ||oo ^ R = R<p 0 + 2TH&HOO + H-B^Ho 0 . Hence, when 
uq = 0, we have, thanks to the Lemma 4.1, 


(15) u 0 (<A))| ^ (\\ b ~ 6 £ |l°o + || div b — div 6 £ || 00 ) 

x [ dxl B (QtR) (x) sup (|L%_ g (z)| + |V(G e )‘°(x)|). 
JlR. d <?€[0,t 0 ] 

Furthermore, thanks to Theorem 2.27 and Proposition 2.28, 

E[1b / (o ) h)(*) sup (\D$ £ t0 _ q (x)\ + |V(G e ) t g °(x)|)] < E[1 B/( o, R )(.t)] 1/2 A'(|x|). 

9€[0,to] 

®[iR / (o,R)( a: )] = + rii&iloo +11 b ^ 3 11 00 ^ M) 


But 
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and thanks to Fernique’s theorem [9], exp(2||i?^|| 00 ) G L 1 (r2) for all p ^ 1, so that by the 
inquelaity of Markov 

E[1 B/ (o,R)(®)] ^ exp(— 2 |x|). 

Hence 

E[lB / (o,/i)(*) SU P (\ D ®t 0 -g( x )\ + |V(G £ )*°(x)|)] < exp(-|x|)iF(|x|) 

ge[0,*o] 


and 


/ 


^-B f (0,R)( x ) 


sup (\D$l 0 _ q (x)\ + |V(G e )*°(x)|)dx € L\Q) 
?e[o,to] 


and is hnite almost surely. By letting e go to zero in (15), almost surely |'Uo(</?o)| = 0, which 
ends the proof. □ 


Appendix A. Standard theory of flows for additive rough ODEs 

Our approach for the study of rough transport equations comes mostly from the method of 
characteristics. This method requires lots of informations about the regularity of the flow of the 
characteristic differential equation linked to the transport equation. We give her some standard 
theorem about flows of differential equations. Although these properties are quite standard, we 
give them with some proof. 


A.l. Standard theory for flows. The following Theorem is standard, but we recall the form 
of the Jacobian determinant of the flow. All along this subsection, the perturbation X will be a 
path lying in C 7 and 7 G (0,1]. 


Theorem A.l. Let b G L°°([0, T]; Lip(R d ) PI C 1 (R d )) and X G C 7 ([0, T]). The equation 

d y t = b t (y t ) + dX t 
yo = x 


(16) 


understood in its integral form 


yt = x + 


/ b s (y s )d 

Jo 


s + X t -Xo 


has a unique solution <h(x) G C 7 ([0,T]). Furthermore, in that case, for all t G [0,T], x &t(x) 
is differentiable and its derivative D&t is the unique solution of the linear ordinary differential 
equation 


In that case, we have 


D<S> t (x) = id+ / Db s ($ s (x)).D$ s (x)ds. 


Jac(<h i (x)) = exp ( / div 6 s (d> s (x))ds 


The first assertions are quite standard. The proof of the last assertion relies on the so called 
Liouville Lemma. 

In the classical case of the transport equation, the existence of a solution is granted when the 
vectorheld b has spatial linear growth. The reminder of this section presents a brief study of 
flows when b has linear growth. 

As in the standard theory of transport equations, the solutions will involve the inverse of the 
flow of equation (16). The following lemma gives informations about the equation verified by 
this inverse. 
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Proposition A. 2. Let b and X such that that the equations (17) and (18) below have unique 
solution (for all to £ [0 ,T]): 

(17) 


and 

(18) 


<&t{x) = x+f b q ($ u (x))du + X t i£[0,T]. 

Jo 

ipt°(y ) = y - [ bto-gi^u (v)) du - (■ x t 0 - x t0 - t ), t g [ o ,t 0 \ 
Jo 


Then for all to G [0, T], < & fo 1 (x) exists, and 1 (a;) = ipt 0 (x) where ip is the unique solution of 
the equation. Furtherm.ore, d> _1 also verifies the following equation: 

rt 


$i\x) = x - f b T -n^u\x))du - (X T - X T _ t ), t G [0, T], 
Jo 


Proof. We have 


Xt 0 -t 


rto—t 

$t 0 -t(x) = x+ b u (® u (x))du + 

Jo 

/ to 

bt 0 - u ($t 0 -u(x))du + X to - t 

>(x) f ht 0 — u ( , Pt 0 — u (x))du (Xt 0 Xt 0 —t) 
Jo 

/•to 

+x + X tQ + b to - u {$u(x))du - d> 4o (x) 

Jo 

(x) - / b to -u(®t 0 -u(x))du - (X to - X to _t). 

Jo 


= $ 


= $t 0 

JO 

Hence, since the solution of equation (18) is unique, & to -t{x) = ipt° (d> to (x)), and we have 
V’to (^t 0 ( x )) = x which is the wanted result. As equation (18) is of same form as equation 
(17), we also have d>i 0 o ipfff = id. Hence d*^ 1 exists and we have d?^ 1 = ip^. Furthermore for 
s,t G [0, T] 

d> s+ i o d*” 1 o d)): 1 = d>( o o d*” 1 o d?^ 1 = id. 

Hence d>J 1 o d*) -1 = d>^ f = d*) -1 o d?” 1 and dW 1 has the semi-group property. Furthermore, 
x-d> t _1 (x) = d> T (d>^ 1 (x)) - d* T _ t (d>^ 1 (x)) 


iT-t 

,-T 


b r (d>r(d>f\x)))dr + X T - X T -t 


IT-t 

rt 


b r {<S>ff r (x))dr + X T - X T -t 


l>T-u{d>u 1 (x))du + Xt — Xr-t, 


and the result follows. 


□ 


As in the method of characteristics (see Appendix B), in the following, we will strongly use 
the spatial regularity of the flow. When the vector-held b is regular enough, the following result 
gives a bound for the norm of the spatial derivative. 
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Proposition A.3. Let b : [0,T] x R d R d , N £ ¥t,and b G L°°([0,T}-,C^(B, d )). Let X G 

C 7 ([0,T]) and $ the flow of the equation 

4> t (x) = x + [ b r ($ r (x))dr + X t . 

Jo 

For all k G {1,... N} and all t G [0,T], the k-th spatial derivative D k &t exists, and there exists 
a constant C k depending on T ||A||x>7 and ||.D fc 5||oo;L°° f or all k G {0,... , n} such that 

\D k $ t (x)\ C k . 

Proof. The fact that G C N (\R. d ) is standard. Let us recall the equation verified by the flow 

D$t{x) = id+ [ Db r (& r (x)).D& r (x)dr. 

Jo 

Hence, the proof of the proposition is quite straightforward. We have to use the equation verified 
by D n &(x), where all the other derivatives of and all the derivatives of b up to order n appear. 
We then prove by induction the wanted bound for \D n &t(x)\, using the bound for the smaller 
derivatives of and the Gronwall lemma. □ 


Remark A.4. The proof also gives that C k has exponential growth with respect to ||-D&||oo ; L°° 
but polynomial growth wrt the other quantities. 


A. 2. A priori bound for flows: proof of Lemmas 2.7 and 2.9. 

Lemma A.5 (Lemma 2.7). Let b G L°°([0, T], Lin(R rf )) such that the flow of the equation (4) 
exists for all t G [0, T]. There exists a constant K(T, ||6||oo;Lin) > 0 such that for all x G R rf , 
4>(x) G C 7 ([0,T]) and 

||$( x )|| 7 ^ A (1 + | x |)(1 + || A || 7 ). 

Proof. Let x G R d and 0 ^ s < t ^ T 

|<L(x) t - <f>(x) s ' 1 rt 


1 1 — s| 


By Gronwall’s lemma, 


n-T— J |M®r(z))|dr 
IWI 7 + ||6||oo;Lin (t 1 "^! + |4>,M|) + j‘ iLLLAMidr 


^ ||A || 7 + 


< 


l<l>(l | ) t ‘_ s ‘( T (l) * 1 < (l|V|| 7 + T‘- 7 (l + |®,(i)|)||6|U ; Lln)acp(r||6|U ;U J 

hence 

M*)h < (||A|| 7 + T'-fl 1 + ||4>(x)|| 00 )||6|| 00;Lin )exp^l^lUjUn). 

It remains to estimate the supremum of <f>(x). We have 

ir ) + ||A||oo, 


|$0*0t| ^ |x| + ||6||oo;Lin (t + J |$(x) r |df 


which gives, again by Gronwall’s lemma 

||$(s)||oo ^ (|®| +r||&||oo;Lin + ||AHoq) exp^H&H^Lin) 
The result follows after recalling that ||ATjloo < ||X|| 7 . 


□ 


Remark A.6. The constant K can be chosen as K(T, ||6||oo;Lin) = J^T9(T\\b\\oo;Lm) with g(x) = 
((x 2 + x)e x + x + l)e x . 
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The heart of the Section 4 is a smooth approximation of the characteristics equations of the 
transport equation by an approximate one. Indeed, when X (j C 1 ([0,T]) and b C 1 (R ci ), the 
above results of Proposition A.3 about the differentiability of the flow can not be used. The 
following result gives the regularity of the flow regarding the perturbation X. 

Lemma A.7 (Lemma 2.9). Let b E L°°([0, T]; C'^R'*)) and X. Y E C 7 . Then 

||ch*(x) - <h r (x)|| 7>[0 , r] ^ C(T, \\Db\UWX - T|| 7j[0 , t] 

where C is independent of x and nondecreasing in T and ||R6||oo- Furthermore, when b E 
L°°([0, T]; C^(R d )) ; we also have 

\\D<f> x (x) - D$ y {x)\\u p < C(T, \\Db\U ||£> 2 6||oo)||^ - ^|| 7 - 


Proof. First, we give an estimate of the difference in supremum norm. 

< \X t -Y t \+ f\b q {<S> Y {x))-b q {<S> X {x))\dq 

Jo 

< tV-Y^+WDbWoo f \$ Y (x)-tf(x)\dq 

JO 

By Gronwall’s lemma, 

\$J(x) - (x)| < T 7 \\X - T|| 7 e T||Z)fc|l °°. 

Furthermore, we have 

m X - <h y W(x)| ^ \6(X - Y) 8 ,t\ + p&lloo J* |(<h- Y - * Y )s, q (x)\ + |(<f- Y - $ Y )s(x)\dq. 

Again by Gronwall’s lemma, we get 

WS* - * Y )sAx)\ ^WDbU 1 1 - s\i\\X - T|| 7 , 


which is the hrst part of the result. Furthermore, as 

ft 


D$ x (x) = id+ I Db q ($t(x)).D*f(x)dq, 


X, 


wX, 


lo 


we have 
and 


\D(<f> x - <S> Y ) t (x)\ ^ 


|^ X W||oo<e T||D6|l = 


f{Db q {*X{x)) - Db($ Y (x))).D<f> x (x)dq 

JO 


+ 


Db{<S> y ( x)).D($ x - $ Y ) q (x)dq 


Hence 

Finally, 


< \\D 2 b\m x (x) - + Halloo / \D($ X - $ Y ) q (x)\dq. 

Jo 

II D^ x - ^).(s)||oo <r,pj6|| 00 ,||D»6|| 00 II* - Y\\ t 


\5D{§ X - $ y Mx)| < \\X - y|| 7 |t -s\ + H-D&Hoo J* | SD($ X - $ y ),,,(x)|dg, 
and the result follows by Gronwall’s Lemma. 


□ 
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Appendix B. The method of characteristics 


We give a proof of the usual method of characteristics, and a proof of weak uniqueness thanks 
to the dual equation. 

Theorem B.l. Let b G L°°([0, T]; C£(R d )), c e L°°([0, T], C£(R d )) and X G (^([O,!]). Let $ 
the flow of the equation 


<5>t{x)=x+( b($ u (x))du + X t . 

Jo 


Let uq G C 1 (JR d ). There exists a unique strong solution u to equation (19) with initial condition 
u 0 . 

(19) dt'U + (b + X)X/u + cu = 0. 

Furthermore the solution has the explicit form 

uflx) = u 0 ($ f “ 1 (x))exp J c t _g($" 1 (x))d^ . 

Proof. We first prove the existence of such a solution. As b G Lip(IR a! ) nC' 1 (]R a! ), the flow $ and 
its inverse are well-defined. Let us define 

u t {x) = u 0 (^ 1 (x))exp (^~ J o . 

Then u t (<F t (x)) = u 0 {x) exp f* Cg(^g(x))d^ and 

d t {u t ($t(x))) = -u 0 {x)c t ($t{x)) exp J c t - q ($~ l (x))dq^j = -c t (<f> t (x))u t (<Fi(x)). 

On the other hand, as b,c G L°°([0, T], C 1 (3R d )), d*" 1 G C\[ 0,T] x R d ) and u G C l {[ 0,T] x IR d ). 
Hence 

d t (u t ($t(x))) = dtufl^flx)) + Vu t {$t(x)).$' t (x) 

= d t u t flS> t (x)) + Vu t (Mx)).(b(Mx)) + X t ). 

and therefore 

d t u t ($t(x)) + 'Vu t ($t(x)).(b t ($t(x)) +X t ) = -ct{$t{x))u t ($t(x)). 

We take x = <h) _1 (y), and we have 

Ut(y) + bt(y)-Vut(y) + c t {y)u t (y) + Vu t (y)X t = 0 . 

Hence, u is a solution of equation (19) with initial condition uq. 

For the uniqueness, let ip a solution of equation (19) with <p$ = uq and let vflx) = ipt(&t{x)). 


Then 

We thus have 


dflvflx)) = - ct(<Z>t(x))v t (x ). 


<p t ($t(x)) = v t (x) = vq(x) exp J Cq($ q (x))dqj = u Q (x) exp J c q (fl> q {x))dq 
and then (pt(x) = uflx) which ends the proof. 


□ 


Remark B.2. For c = 0, we have the transport equation. When c = div b, we have the continuity 
equation, the dual equation of the transport equation. 
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Remark B.3. Thanks to the use of Corollary 3.19, we see that when b and c are as in the 
previous theorem, and uq £ C'^°(R ci ), and u € C 1 (R d ) is the unique solution of equation (19), 
then for every multi-index a = (aq,..., au) £ and all t £ [0, T], 

x i-A x a 'Vut(x) and x i-A x.Xuflx) 
are in L 1 (R o! ) where x a = x “ 1 ... x°f d . 

We can now prove the existence and the uniqueness of L°° weak solutions. 


Theorem B.4. Let b £ L°°([0, T]; C£(R d )), div 6 ,c £ L°°([0,T], C£(R d )) and X £ C\[ 0,T]). 
Let the flow of the equation 


$t{x)=x+l b(® u (x))du + X t . 

Jo 

Let no € L°°(R rf ). Then there exists a unique weak solution u £ L°°([0,T] x R rf ) of equation 
(20) with initial condition uq 

(20) dt.u + (b + X)X7u + cu = 0, 

furthermore for almost every t and x, 

uflx) = u 0 (4> t _ 1 (x))exp CT-gi^ixfldq^J . 

Proof. Let <p £ C'^°(R o! ), and let us define 

Tt°(x) = <p($to- t (x)) ex p (div b q - Cg)($,-t(®))dg^ . 

Hence, is the unique strong solution of the equation 

dtu + (b + X)X7u + (div b — c)u = 0 

such that = <p(x). Furthermore, thanks to the previous remark and since £ C%°, all the 

following computations are allowed. Let us define as before 

uflx) = (x)) exp J CT-gi^ix^dq) . 


We have 


ut 0 (v) = / no(<Fi 0 1 (^))exp 

JlR d 

uo(x)ipQ° (x)dx 


J Ct 0 -q{^q l {x))d(^j <p(x) 


l\ R d 

/ dxuflx) / dipt 0 (x)dq + u 0 ((p) 

J]R. d Jo 

- / d xu Q {x) / (b q (x) + X q )X7ip q {x) + (div b q (x) - Cq(x))ip q (x)dq + U 0 (ip) 
J IR d Jo 

/ dq dxUq((b q + Xq).'V(p q + (dwb q -Cq)ip) + Uo(ip). 

Jo J IR d 
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Hence, by definition, u is a weak solution of Equation (20). Furthermore, for a weak solution v 

with initial condition 0, by testing against ip we have 

wtofa) = Vto(<Pto) ~M<Po) 

No 

= / dqv q ((b q + X q ).V(pt 0 + (<tivbq-c q )(pt 0 )+v q ((p q )-vo(<p q ) 

Jo 

= 0 . 

And this is true for all ip £ C^IR^), hence Ut 0 (x ) = 0 for almost all x. As the equation is linear, 

the result is proved. □ 
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